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The understanding of the flow properties of complex fluids is central to the
development of materials and technology as diverse as paint, polymer solu-
tions, biofluids, foodstuffs, and many other industrial compounds, and was
made possible by advances in theoretical and experimental methods in the sec-
ond half of the 20th century. Development of nonequilibrium statistical mechan-
ics theory, computational methods, microscopy, and bulk rheometry produced
detailed understanding of structure-property relationships in these ubiquitous
materials. Complex fluid rheology typically focuses on suspensions subjected
to bulk shearing or extensional flow. However, ever-increasing need to un-
derstand microscopically small samples of fluid, especially biofluids, has de-
manded development of techniques that can interrogate tiny volumes of fluid
and detect heterogeneity over the micron length scale — far outside the capa-
bility of bulk techniques that smear out such detail. Active microrheology has
emerged as the premiere technique to fill this need.
In active microrheology, a microscopic probe, or set of probes, is driven by
an external force through a complex fluid. As the probe moves through the
suspension, it drives its configuration out of equilibrium; meanwhile Brownian
motion of the suspended particles acts to recover their equilibrium configura-
tion. These distortions and relaxations of the microstructure alter probe motion,
and this interplay evolves with flow strength and with microscopic suspension
forces. Changes in mean and fluctuating probe motion can be related constitu-
tively to suspension and flow properties, in direct analogy to such approaches
in macroscopic rheology of single and complex fluids and solids.
The focus of this dissertation work has been to expand the existing theory
of microrheology to predict one of the most central flow properties, the suspen-
sion stress. Because the particles are small enough to give a vanishingly small
Reynolds number, inertia is negligible and Stokes’ equations govern fluid mo-
tion. We consider particles small enough to undergo Brownian diffusion, which
acts to restore flow-induced distortions of the spatial arrangement of particles.
The shape of the distorted microstructure is set by the strength of the external
force relative to the entropic restoring force of the suspension, and by the bal-
ance of microscopic forces between the constituent particles. The former is given
by the Pe´clet number, Pe, whereas the latter comprise the external, Brownian,
and interparticle forces, and the sensitivity of each to flow strength Pe is set by
the dimensionless repulsion range, κ. To analyze the influence of these forces
on the structure and suspension stress as they evolve with flow strength, we
formulate and solve a Smoluchowski equation — an advection-diffusion equa-
tion governing the stochastic distribution of particles, systematically tuning the
relative strength of hydrodynamic and entropic forces. The resulting distribu-
tion is employed as a weighting function in a statistical mechanics framework to
compute the suspension stress averaged over the probe particle phase, the pri-
mary contribution to the nonequilibrium stress. A colloidal dispersion of hard
spheres serves as the model system.
To understand the fundamental influence of hydrodynamic and entropic
forces on the structure and suspension stress as they evolve with flow strength,
we first solve the Smoluchowski equation analytically in the dual limits of weak
and strong external force and hydrodynamic interactions, and then numerically
for arbitrary values of Pe and κ. Nonequilibrium statistical mechanics are then
utilized to compute elements of the stress tensor. Because geometry of the mi-
crostructure about the line of the external force is axisymmetric, only the di-
agonal elements are nonzero. When hydrodynamic interactions are negligibly
weak, only the hard-sphere interparticle force matters regardless of the flow
strength, where the normal stresses scale quadratically and linearly in the exter-
nal force strength in the limits of weak and strong forcing, respectively. As the
repulsion range κ shrinks, hydrodynamic interactions begin to play a role: when
forcing is weak, Brownian disturbance flows provide the dominant contribution
to the suspension stress, but as Pe increases, the external force-induced stress
takes over to dominate the total stress. Interestingly, the total suspension stress
decreases as the strength of hydrodynamic interactions increases, regardless of
the value of Pe. That is, hydrodynamic interactions suppress suspension stress.
Owing to the dependence of hydrodynamic interactions on particle configura-
tion, this stress suppression varies with flow strength: At low Pe, the stress
scales as Pe2 and the suppression is quantitative, whereas at high Pe the stress
scales as Peδ, where 1 ≥ δ ≥ 0.799 for hydrodynamic interactions spanning from
weak to strong. We identify the origin of stress suppression via an analysis of
pair trajectories: While entropic forces — interparticle repulsion and Brownian
motion — destroy reversible trajectories, hydrodynamic interactions suppress
structural asymmetry and this underlies the suppression of the nonequilibrium
stress. We relate the stress to the energy density: Hydrodynamic interactions
shield particles from direct collisions and promote fore-aft and structural sym-
metry, resulting in reduced storage.
The detailed discussion of the individual normal stresses offers a fundamen-
tal understanding of the role played by hydrodynamic and entropic forces in
energy density in a suspension. Non-Newtonian rheology is, however, more
commonly characterized by the combined effect of the normal stresses — the
normal stress differences and particle osmotic pressure; and the rich phenomena
that they exhibit warrant a separate examination. In Chapter 3, the microme-
chanical theory developed in Chapter 2 is utilized to compute and analyze the
first and the second normal stress difference, N1 and N2, and the particle osmotic
pressure Π . As hydrodynamic interactions grow from weak to strong, the in-
fluence of couplings between the stress and the entrained motion on N1 changes
with the strength of flow. When flow is strong, hydrodynamic interactions sup-
press magnitude of N1, owing to collision shielding that preserves structural
symmetry. In contrast, when flow is weak, hydrodynamic interactions enhance
disparity in normal stresses and, in turn, increase the magnitude of N1. The first
normal stress difference changes sign as flow strength increases from weak to
strong, due strictly to the influence of elastic interparticle forces. Regardless of
the strength of flow and hydrodynamic interactions, the second normal stress
difference is identically zero owing to the axisymmetry of the microstructure
around the probe. Hydrodynamic forces act to suppress the osmotic pressure
for any strength of flow; when forcing is strong, this effect is qualitative, reduc-
ing the flow-strength dependence from linear to sublinear as hydrodynamic in-
teractions grow from weak to strong. Non-Newtonian rheology persists as long
as entropic forces play a role, i.e. in the presence of particle roughness or even
very weak Brownian motion, but vanishes entirely in the pure-hydrodynamic
limit.
The micromechanical theory presented in Chapter 2 and 3 predicts the
non-Newtonian response of a dilute suspension, provided that its particle mi-
crostructure is known. Nevertheless, measuring particle distribution is tedious
in practice. In the second part of this dissertation, Chapter 4, we derive a non-
equilibrium Stokes-Einstein relation for predicting suspension stress following
the original model of Zia and Brady [154], now for a dispersion of hydrody-
namically interacting colloids simply by tracking probe motion. The theory
is an expansion of Einstein’s equilibrium fluctuation-dissipation theory, where
Cauchy’s equation of motion, rather than an equation of state, serves as the fun-
damental conservation framework. We construct an anisotropic effective resis-
tance tensor comprising microviscosity and flow-induced diffusivity to model
the hydrodynamically coupled particle motion which, when coupled with par-
ticle flux, constitutes the advective and diffusive components of Cauchy’s mo-
mentum balance. The resultant phenomenological relation between suspension
stress, viscosity and diffusivity is a generalized non-equilibrium Stokes-Einstein
relation which enables a full rheological characterization of a hydrodynamically
interacting suspension by simply tracking the mean and mean-square motion of
a single probe. The predictions by the new theory are compared with the results
obtained from the micromechanical theory for dilute suspensions via the nor-
mal stresses, normal stress differences and the particle osmotic pressure, where
we find excellent agreement between the two sets of results in all quantities for
any strength of flow and hydrodynamic interactions.
The micromechanical theory and phenomenological model presented in pre-
vious chapters give accurate prediction to non-Newtonian rheology in a dilute
suspension. In the third part of this dissertation, Chapter 5, we extend the scope
of the present research by investigating the influence of particle concentration
and the associated many-body interactions on suspension rheology. Analogous
to the unbound monodisperse colloidal system studied in Chapter 2 to 4, we
conduct active microrheology simulations via the Accelerated Stokesian Dy-
namics framework for suspensions with various particle concentrations, rang-
ing from dilute φ = 0.05 to φ = 0.40. We showed that the influence of particle
concentration on the particle structure and rheology is qualitative. When flow
is strong, a high particle concentration alters the fore-aft asymmetry of the mi-
crostructure around the probe by enhancing the particle accumulation inside
the boundary layer and shortening the wake due to stronger Brownian drift. At
equilibrium, the ring-like structure is recovered for a concentrated suspension,
and it is attenuated as the suspension becomes dilute. The suspension rheology
is studied via the microviscosity and the suspension stress, and they are both
enhanced with increasing particle concentration. As concentration increases,
microstructure is more closely-spaced, leading to stronger hydrodynamic dis-
sipation and thus viscosity. The more compact structure also suggests that a
probe moving in a concentrated suspension pushes through more bath parti-
cles and causes more configuration distortion as compared to one driven by
the same force in a dilute suspension, giving rise to higher energy density in a
suspension, or equivalently a higher suspension stress. To bridge the results of
dilute and concentrated suspensions, we further utilize concentrated mobility
functions to construct scaling theories to collapse the microviscosity and parti-
cle stress of suspensions of different particle concentrations, offering a robust
predictive model for concentrated suspension rheology.
Overall, in this work the major accomplishments are a micromechanical the-
ory and a generalized nonequilibrium Stokes-Einstein relation for obtaining the
stress, diffusivity and viscosity from the motion of a single particle, and a scal-
ing theory connecting the response of dilute and concentrated suspensions.
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CHAPTER 1
INTRODUCTION
1.1 Historical background
Rheology is the study of the flow and deformation of matter. The historical
origin of the term rheology is the Greek word piαντα ρι, “everything flows”, put
forth by the Greek philosopher Heraclitus, an idea made more specific as “ev-
erything flows if one waits long enough” [117]. This highlights a central aspect
of the study of material flow: the timescale over which flow occurs, compared
to timescales familiar in daily life, permits the broad classification of materials
as solids or liquids. In fact, many everyday materials display both solid-like
or liquid-like behavior: toothpaste is a solid in its container but it yields and
flows like a liquid when it is squeezed; corn starch behaves like a liquid when
flow is weak but it hardens when it is shaken vigorously. These are all examples
of so-called complex fluids, where their internal, multiphase microscale struc-
tures evolve over observable timescales. While the details of the microstruc-
tures can vary widely — from immiscible droplets in an emulsion to bubbles
in a foam — they share a remarkably rich commonality in macroscopic behav-
ior: when subject to external forcing or flow, distortions in the microstructure
give rise to shear-rate dependent non-Newtonian phenomena, including shear-
thinning, thickening, viscoelastic or memory effects. The workhorse model sys-
tem utilized to study complex fluids is the hard-sphere colloidal dispersion, a
collection of microscopic particles suspended in a Newtonian solvent. There
are many useful approaches to the study of complex fluids: empirical models
devised from fitting experimental data to give postdictions simultaneously ac-
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counting for normal experimental uncertainty; at the other end of the spectrum,
the micromechanical approach connecting the evolution of the microstructure
and rheology via statistical mechanics theory offers first-principles insights into
the interplay between microscopic forces and the microstructural origin of rhe-
ological phenomena. Between these two approaches is the phenomenological
model, in which part or all of the theoretical foundation is built constitutively
rather than from first principles for the sake of robust simplicity. We adopt the
micromechanical approach to study the non-Newtonian rheology in hydrody-
namically interacting colloidal suspensions, with the goal of developing a phe-
nomenological model for predicting dilute and concentrated suspension rheol-
ogy.
1.1.1 Macroscale observations : Non-Newtonian rheology
In a Newtonian material, shear stress is linearly proportional to the shear
rate via a proportionality constant, the viscosity; and the shear stress is identi-
cally zero in the absence of bulk flow. In contrast, in a non-Newtonian material,
shear stress can be nonzero even if there is no imposed shear, and the shear
stress may grow nonlinearly with shear rate (Fig. 1.1). One major thrust pro-
pelling continued research in rheology is a lack of a comprehensive description
of non-Newtonian response via the classical Newtonian framework. A famous
example was Weissenberg’s [140] discovery of rod climbing: when a rod is ro-
tated in a bath of polymer solution, the free surface of the solution climbs up
the rotating rod, in contrast to rod dipping exhibited by a Newtonian fluid in
which the free surface is depressed near the rod by inertial effects. Another well-
known example of non-Newtonian rheology is the reduced viscosity of blood at
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Figure 1.1: Shear stress τ plotted against shear rate γ˙ for Newtonian and
different non-Newtonian materials. Red line: shear-thickening
material, green line: Newtonian material, blue line: shear-
thinning material, black line: Bingham plastic.
high shear rates, a shear-thinning phenomenon established in the community
of hemorheology. These phenomena have been thoroughly investigated: the
Weissenberg effect has been successfully explained as a buildup of anisotropic
normal stresses, and shear-thinning, as the weakening of Brownian dissipation
as flow strength increases. Approaches to model this behavior theoretically in-
clude modification of the stress tensor in the Navier-Stokes equation, for in-
stance the Ostwald-de Waele power law fluid model [110] and the Oldroyd-B
model [109]. Other approaches include empirical modeling by fitting experi-
mental data, such as the Krieger-Dougherty equation [82]. However, the regime
of validity of these models for predicting non-Newtonian behaviors is confined
to limited regimes. For instance, the Krieger-Dougherty equation is restricted to
evaluation of suspension viscosities at equilibrium. This leaves open the need
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Figure 1.2: Typical colloidal particles. (a) Silica spheres, (b) lead sulfite
crystals, (c) fumed silica aerogel, (d) polymer dumbbells, (e)
calcium carbonate rods, and (f) kaolin clay. From [101], with
permission.
for the development of a generalized predictive model. Naturally, this points to
examination not just the macroscopic response of a material, but its underlying
microscale constituents.
1.1.2 Microscopic origin of non-Newtonian flow : Colloids and
microstructure
Colloidal dispersions serve as a workhorse model system for complex flu-
ids, a two-phase medium comprising microscopic particles, called colloids, dis-
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persed in a Newtonian solvent (Fig. 1.2). The size of colloids ranges from 10nm
to a few microns, where the lower size limit is required to model surrounding
fluid as a continuum, and the upper size limit ensures that they are susceptible
to Brownian motion. The use of colloids dates back to the crafting of a Roman
art piece, the Lycurgus cup [9]; Graham [59] first defined colloids with reference
to their size as “substances that would not diffuse through a membrane sepa-
rating water from an aqueous solution”. The definition of colloids evolved with
time, and not until the work by Brown [29], Einstein [44] and Perrin [113] did
the definition of colloids firmly relate their size to Brownian motion. Utilizing
a contemporaneously novel ultramicroscope, Brown observed “spontaneous”
motion of pollen grains, coal dust, arsenic and other microscopic particles [65].
To test his hypothesis that the spontaneous motion owes its origin to some living
constituents of the particles, he attempted to kill them by treating the particles
in severe chemical and thermodynamic conditions. Yet, no matter how harshly
treated, the spontaneous motion prevailed which, on one hand, disputed his hy-
pothesis that the particles were living objects and, on the other hand, left open
a question of the origin of the motion of the particles.
After three-quarters of a century, a study by Einstein [44] shed light on the
origin of the spontaneous motion of microscale particles. Einstein set up a
theoretical model for sedimentation of a dilute suspension of non-interacting
hard-spheres, in which, at equilibrium, the downward advective flux owing to
sedimentation is balanced precisely by an upward Fickian diffusive flux aris-
ing from the emergent spatial concentration gradient. The result is the famous
Stokes-Einstein relation for spherical particles,
D =
kT
6piηa
I, (1.1)
where D is the diffusivity of an isolated particle, k is the Boltzmann’s constant, T
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is the absolute temperature, η is the Newtonian solvent viscosity, a is the radius
of the colloid, and I is the identity tensor. Physically, the Stokes-Einstein relation
states that a microscale particle of size a immersed in a solvent with viscosity
η will fluctuate due to random impacts from solvent molecules of magnitude
kT . Since diffusivity of a particle relates to its mean-square displacement, and
Boltzmann’s constant relates to Avogadro’s number, Avogadro’s number was
determined conclusively by Einstein. The Stokes-Einstein relation thus provides
offers strong support for the existence of atoms by linking quantitatively a mi-
croscopic quantity to experimentally accessible macroscopic quantities. Perrin
[113] tested the relation by tracing the mean-square displacements of an en-
semble of isolated colloidal particles. His discovery that the mean-square dis-
placement grew linearly with time confirmed Einstein’s hypothesis that passive
motion of colloidal particles indeed originates from their collisions with back-
ground solvent molecules. With credit goes to Brown [29] who first observed
the phenomenon, the passive motion of microscopic particles arising from ther-
mal fluctuations of solvent molecules is nowadays called Brownian motion. An
ancillary result from Einstein’s work, required for determination of Avogadro’s
number, in the same work Einstein [44] also derived a relation between the par-
ticle volume fraction φ = 4pina3/3 (where n is the number density of particles)
and the effective viscosity of the solvent plus a particle ηe f f ,
ηe f f = η(1 + 2.5φ), (1.2)
giving the well-known Einstein O(φ) correction to the suspension viscosity.
Readers are referred to Zia and coworkers [151, 154] for a detailed presentation
of the historical context of the work.
While Einstein’s work demonstrated the connection between rheology and
the underlying microstructure, it applies only to a very dilute suspension in
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which the “structure” is formed by a single particle, i.e., it is uniform. In the
same year, independent of Einstein, Smoluchowski [123] presented a more gen-
eral model for a many-body system, describing the time evolution of the prob-
ability density function of particle positions under the influence of microscopic
forces,
∂PN(rn, t)
∂t
+
N∑
i=1
∇i · ji = 0, (1.3)
where PN(rn, t) is the probability distribution function of N particle configura-
tion vector rN , and j is the flux of particle i which comprises contributions from
non-conservative (hydrodynamic) and conservative (thermodynamic) forces.
Later, instead of taking on a probability approach, Langevin [87] constructed a
stochastic differential equation of motion for Brownian particles based on con-
servation of momentum,
m
d2x
dt2
= −6piηadx
dt
+ X, (1.4)
where m and x are the mass and position vector of a particle, respectively, t is
time, and X is the stochastic Brownian force (originally termed as a “comple-
mentary” force in [87]) representing the effect of collisions between the parti-
cle and molecules of the solvent. Although the Langevin equation (1.4) delin-
eates the motion of a single particle and is seemingly irrelevant to describing a
microstructure normally comprising many particles, this momentum-based ap-
proach can in fact recover the same particle distribution and the same rheolog-
ical result as the probability-based approach upon taking appropriate averages
of many realizations of a single-particle trajectory. An example was shown in
[87] that in fact the average Langevin equation can recover the particle diffu-
sion as derived by Einstein [44]. Indeed, the Langevin equation serves as the
backbone of a large class of modern particle dynamics simulation frameworks
such as Brownian dynamics [45, 47] and Stokesian Dynamics simulations [22].
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The key idea of particle dynamics simulations is to determine the change in
particle position caused by microscopic forces in the system such as Brownian
and interparticle forces and, from which, obtain the time evolution of particle
position and rheological properties upon appropriate averaging. Overall, these
work opened a new avenue for investigating rheology by not just taking the
approach of making macroscale observations, but also highlighting the role of
microstructure and its connection to rheology.
1.1.3 Micromechanics to connect particle configuration to rhe-
ology
We introduced in Sec. 1.1.2 that a pioneering micromechanical model is the
Smoluchowski equation (1.3) which describes a conservation of probability flux
arising from advection and diffusion due to interactions of microscopic forces.
Despite the generality of the Smoluchowski theory to account for interactions in
a N-body system, the link connecting the microstructure to macroscopic prop-
erties of a suspension was still missing. One would ask how could macroscopic
properties of a suspension be defined if Brownian motion is random and is con-
stantly altering the particle configuration? This points to the need for some av-
eraging process to properly account for all possible particle configurations, and
the method of averaging must be specified. A leap forward in nonequilibrium
statistical mechanics was required.
Batchelor and co-workers [11, 12, 17, 16, 14] addressed the issue of averag-
ing as the first step to build a micromechanical framework for computing the
nonequilibrium stress in a suspension. In his first work [11], he posted the fol-
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lowing problem statement: “How could we know what stress is generated in
a suspension when a prescribed bulk motion is imposed on it?” He noted that
this seemingly elementary question in fact demands an in-depth understanding
of the averaging process: Brownian force yields random particle configurations,
and the velocity and pressure inducing suspension stress both vary statistically
with position. Suspension properties are thus determinate only in a statistical
sense. One may straightforwardly resort to ensemble average — a large number
of particle configurations (realizations) with the same macroscopic boundary
conditions constitute an ensemble, but he pointed out that ensemble averages
can neither be calculated directly nor observed conveniently, and it necessitates
building a connection between ensemble averages and some calculable aver-
ages that are observable in common experiments. He made a careful analysis of
the statistical homogeneity of a suspension and its ergodicity property, leading
to his heroic proposition (and proof) of the equivalence between an ensemble
average and the calculable volume average. This underpins the computation
of average quantities in later work, which is an essential step in connecting
statistically-varying microstructure of a suspension to its macroscopic rheolog-
ical properties for practical use.
Upon defining the averaging process, Batchelor delineated a framework that
separates the total (bulk) suspension stress into fluid and particle contributions
but still, no significant analytical progress could be made until he narrowed his
scope to a dilute suspension of hard spheres. Distinct from a concentrated sus-
pension, pair interactions dominate the behavior in a dilute suspension [12], and
this enabled Batchelor and Green [17, 16] to develop a nonequilibrium Smolu-
chowski equation by expressing the relative velocity of a particle pair in terms
of hydrodynamic functions coupling the imposed straining flow to the induced
9
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Figure 1.3: The trajectories of a noncolloidal, smooth, hard-sphere flowing
around another identical reference sphere (black region) in a
quadrant of a steady simple shear flow. Both spheres are on
the same flow/flow-gradient plane. The limiting trajectory is
colored in blue, within which trajectories are closed. All trajec-
tories are symmetric about both the x and y axes. From [17],
with permission.
particle motion. They solved the microstructure and particle stress analytically
in the asymptotic limit of strong advection. In this limit, where Brownian mo-
tion is absent, they showed that the microstructure around any given particle
is spherically symmetric, which forbids the development of nonequilibrium
stress, suggesting that structural asymmetry, not just distortion, is essential to
produce non-Newtonian rheology. The structure was then utilized to compute
the suspension viscosity. The O(φ2) correction to the viscosity was found to be
ηe f f ,∞(φ) = 7.6ηφ2 for a straining flow and ηe f f ,∞(φ) = 5.2ηφ2 a simple shear flow,
respectively. Here, ηe f f ,∞ is the effective high-frequency shear viscosity of the
suspension, that is the equilibrium viscosity of the suspension accounting for
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just the equilibrium microstructure without the influence of Brownian motion.
The correction for a simple shear flow was confirmed by Wagner and Woutersen
[137], in which a more accurate value of 5.0ηφ2 was obtained via statistical me-
chanics theory, where more accurate values for the hydrodynamic functions
were achieved via advances in numerical techniques. A subtle point to note
here is that in these calculations the suspensions studied were noncolloidal and,
in the case of a simple shear flow, there is a region of closed trajectories in which
a particle will orbit a reference particle (Fig. 1.3). In consequence, inside this
region the distribution of particles is indeterminate around any given particle,
and it intrinsically bars the determination of the suspension viscosity. To make
analytical progress, Batchelor and Green, and Wagner and Woutersen assumed
a random initial configuration, and this structure maintains during flow.
Batchelor [14] subsequently generalized his nonequilibrium Smoluchowski
equation for a colloidal suspension by incorporating the effect of Brownian and
interparticle forces,
∂g(r)
∂t
+ ∇r · (Urg(r)) = ∇r · Dr · ∇rg(r), (1.5)
where g(r) is the pair distribution function, Ur and Dr is the relative veloc-
ity and diffusivity between individual particle in a pair, and derivatives are
taken with respect to the relative separation r. The presence of thermodynamic
forces drives particles across trajectories, breaking the reversibility of Stokes
flow, negating the need for an assumed initial particle configuration to deter-
mine macroscopic suspension response. He further derived expressions for the
stresses arising from hydrodynamic, Brownian and interparticle forces. In the
limit of weak flow, he solved the Smoluchowski equation via a regular pertur-
bation and showed that, to O(Pe), a colloidal suspension is Newtonian with
no normal stresses or normal stress differences owing to fore-aft symmetry of
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the microstructure. He conjectured that non-Newtonian behavior would arise
at O(Pe2) structure . Here, the Pe´clet number, Pe, is a measure of the strength
of advection, which distorts the suspension, relative to the strength of diffu-
sion that acts to recover the equilibrium microstructure. In the same weak flow
limit, he presented the O(φ2) correction to the equilibrium viscosity as 6.2ηφ2 for
a straining flow which, when compared to his aforementioned finding in the
strong flow limit (a correction equals 7.6ηφ2), suggested a shear-thickening re-
sponse. Batchelor’s conjecture for non-Newtonian rheology was confirmed by
Brady and Vicic [27] who extended the perturbation analysis to O(Pe2) struc-
ture, and that for shear-thickening was validated and reproduced in later mod-
els by solving the Smoluchowski equation numerically for the full range of flow
strength [19]. The importance of Batchelor’s work is apparent, and his gen-
eralized nonequilibrium Smoluchowski equation forms the basis of future mi-
cromechanical theories, such as models concerning effect of particle concentra-
tion [119, 136, 24, 93, 92], particle roughness [39, 116, 142, 143, 41, 141], particle
shape [127, 36, 37, 38, 32, 33, 96, 129, 130, 98], and external electromagnetic fields
[120, 28, 4, 5, 6, 98].
All the models discussed above are developed for macrorheology, in which
a bulk motion is imposed to a tested suspension due in part to the commu-
nity of such flows in practice, and in part due to the requirement of statisti-
cally homogeneous structure in volume averaging. Indeed most theories and
experiments in the literature are pertinent to macrorheology owing to the ease
of performing bulk examination. However, the use of macrorheology in fact
abandons the most fundamental and groundbreaking premise of the original
Einstein fluctuation-dissipation theory and the associated technique that rheo-
logical response can be connected to the motion of a single particle in the sus-
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pension. In view of this, a new wave of research emerges in recent years to
revisit this powerful rheometric technique — microrheology.
1.1.4 Characterizing rheology : The renaissance of microrheol-
ogy
As discussed in previous sections, microrheology was invented in the early
20th century by Einstein [44], in which the mean-square displacement of an iso-
lated particle in a suspension, the probe, was tracked to infer the viscosity of
the solvent. This technique is now known as passive microrheology, since the
motion of the probe particle arises strictly from thermal fluctuations — no ap-
plied or external force is required. Passive microrheology has the advantages
over traditional rheometry that rheological response of a solvent can be inferred
from the motion of a single, embedded particle without applying a bulk (shear
or extensional) motion. Because of that, it requires much less amount of sample
for investigation, and can be potentially utilized to probe confined systems and
local heterogeneity of a material. Nowadays, particle-tracking has become more
accessible thanks to development of techniques such as dynamic light scatter-
ing, video particle-tracking microscopy, and diffusing wave spectroscopy; and
thus passive microrheology has been widely utilized to study various biophys-
ical systems, for instance mechanical moduli of cytoskeleton of animal cells [2]
and entangled actin-filament networks [97, 58], the directional anisotropy of
Deoxyribonucleic acid (DNA) solutions [64], and the in situ gelation of hectorite
clay [71] (see reviews [57, 138, 139, 145, 125]). Much effort has been placed to
generalize the original Stokes-Einstein relation, and one prominently successful
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attempt was by Mason and Weitz [100] who treated complex fluids as a contin-
uum and derived a time-dependent relation,
D(ω) =
kT
6piη∗(ω)a
, (1.6)
where ω is the frequency of the probe motion, D(ω) and η∗(ω) is the frequency-
dependent diffusivity and complex viscosity of the suspending medium, re-
spectively. The value of this generalization is not just enabling passive microrhe-
ology to examine temporal variant response as well as the response from a wide
range of frequencies simultaneously, it also allows determination of the linear
viscoelasticity of a material via the relation iωη∗(ω) = G′(ω)+iG′′(ω), whereG′(ω)
and G′′(ω) are the storage and loss moduli, respectively. Despite this advance-
ment, connections between mean-square displacement of tracers (diffusion) and
bulk moduli are still inexact [152], and are restricted to the linear regime. To ob-
tain a nonlinear view of a suspension, the material itself must be driven out of
equilibrium, and this motivates the development of active microrheology.
In active, nonlinear microrheology, a probe particle (or set of probes) is
driven through a suspension by magnetic tweezers [61], or by trapping the
probe with optical tweezers and dragging the bath past it [61, 51, 102, 126, 144].
The probe motion distorts the equilibrium microstructure but, at the same time,
Brownian motion of bath particles acts to recover the equilibrium configuration.
Nonequilibrium dynamic response of a material, such as viscosity, can then be
inferred from the motion of a single probe particle via application of the Stokes’
drag law,
Fext = 6piηe f fa〈U〉, (1.7)
where Fext is the magnitude of the constant external force and 〈U〉 is the resul-
tant average velocity of the probe over many realizations. Batchelor and Wen
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[15, 18] employed their nonequilibrium Smoluchowski equation to construct the
first active microrheology framework in the context of sedimentation of poly-
disperse particles. Their model were general to consider the effect of Brownian
diffusion and interparticle forces and, in the presence of gravity, they derived
formulae for the average sedimentation velocity of particles of each species to
O(φ) in the limits of asymptotically small and large Pe, and particle size ratio of
the two species. Yet, no connection had been made between the probe’s motion
to the suspension viscosity until the work by Miliken et al. [103] and Davis and
Hill [40], who proposed the relation Eq. (1.7), connecting the constant external
(gravitational) force to the resultant sedimentation velocity via the effective vis-
cosity of a noncolloidal suspension — falling-ball rheometry as we know today
(see parallel discussions by Hoh and Zia [68, 69]). Davis and Hill also calcu-
lated the variance (fluctuations) of the sedimentation velocity, and concluded
that hydrodynamic diffusivity varies significantly with the relative size of the
two species. In addition to the effect of particle size, Almog and Brenner [3]
studied another interesting facet of active microrheology: instead of imposing
a constant external force on the probe particle and allowing its instantaneous
velocity to fluctuate — the constant-force mode, he applied a fixed velocity on
a non-rotating probe and allowed the resultant force to vary — the constant-
velocity mode. Regarding the latter of the two modes, 〈U〉 becomes U, and
Fext becomes 〈Fext〉 in Eq. (1.7). While the effective suspension viscosity in the
two modes were shown to be the same as the solvent viscosity plus the Ein-
stein correction 2.5ηφ when the probe is much larger than bath particles (as ex-
pected), they found that, when the size of the particles are comparable, ηe f f in
the constant-velocity mode is substantially higher due to the inability of the
probe to fluctuate and travel around bath particles along its trajectory, leading
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to a larger drag and thus higher viscosity. Despite these significant accomplish-
ments, all of these models neglected Brownian motion.
Squires and Brady [124] generalized the models in prior work to the colloidal
regime successfully, merging passive microrheology with Batchelor’s study on
polydisperse sedimentation [15, 18]. In particular, they coined the term “micro-
viscosity”, ηmicro, to denote the pair-level correction to the effective viscosity in
Eq. (1.7), and showed its qualitative resemblance to the O(φ2) correction in shear
macrorheology for the full range of flow strength for a non-hydrodynamically
interacting suspension, recovering the low- and high-Pe Newtonian plateaus
and force-thinning. Most suspensions in practice comprise hydrodynami-
cally interacting colloids however, where the range of particle thermodynamic
screening is not infinitely long. Such thermodynamic screening can arise in the
presence of repulsive charges, particle surface asperities, or other features em-
ployed to sterically stabilize a suspension, which can be represented simplis-
tically by a thermodynamic (effective) size of particles larger than their actual
hydrodynamic size — the notion of the excluded-annulus model devised by
Russel [118]. Employing this model, Khair and Brady [78] examined the influ-
ence of hydrodynamic interactions on microrheology by systematically tuning
the thermodynamic size relative to the hydrodynamic size of particles, reveal-
ing that hydrodynamic interactions qualitatively alter the structure deformation
and thus the rheology. For example, as the strength of hydrodynamic interac-
tions increases in the strong-flow regime, the separation point of the particle-
rich boundary layer moves to the rear side of the probe and the particle-deficit
wake behind the probe becomes narrower; the evolution of the microviscosity
transitions from force-thinning to force-thickening. Later studies of microvis-
cosity further investigated the effect of the probe-to-bath particles size ratio [67],
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Figure 1.4: (a) Equilibrium diffusivity Deq = (D + Deq,H + Deq,B + Deq,P)I and
(b) equilibrium microviscosity ηmicro = ηmicro,H + ηmicro,B + ηmicro,P
as a function of the strength of hydrodynamic interactions κ.
Superscripts H, B and P denote contributions from hydrody-
namic (blue squares), Brownian (green diamonds), and inter-
particle (red triangles) forces. The total quantity is denoted by
black circles. From [69], with permission.
the difference between constant-force versus constant-velocity mode [131], and
transient response during start-up and cessation flow [155].
The presence of microstructure not only hinders the mean motion of a probe
particle, but it also deflects the probe from its mean trajectory. This net diffusive
motion owes its origin to the preferential kicks of surrounding particles, and
underlies many interesting biological and industrial applications, for instance
particle margination in a pipe [132, 114, 150, 84] and resuspension [88, 90, 89, 1].
In the colloidal regime, Zia and Brady [153] defined flow-induced diffusivity
(microdiffusivity) to characterize such behavior in a non-hydrodynamically in-
teracting suspension, and a series of studies followed to examine flow-induced
diffusivity in the dual limit of strong flow and no Brownian motion [68], in
the presence of hydrodynamic interactions [69], and the effect of particle size
[70]. Akin to the microviscosity, hydrodynamic interactions were shown to be
influential to the evolution of the flow-induced diffusivity, in particular they en-
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hance the anisotropy of diffusion drastically in the strongly nonlinear regime,
again owing to a qualitative change in microstructural asymmetry [69]. In the
same work, Hoh and Zia [69] also demonstrated the applicability of the Stokes-
Einstein relation in a suspension, but not just in a continuum Newtonian sol-
vent,
Deq =
kT
6piη(1 + ηmicroφ)a
I + O(φ2), (1.8)
where Deq is the isotropic equilibrium diffusivity, and the evolution of the equi-
librium diffusivity for the full range of hydrodynamic interactions was shown to
be identical as that of the microviscosity (Fig. 1.4). Physically, this is a manifesta-
tion of the equilibrium fluctuation-dissipation principle — the energy imparted
from background fluctuations to trigger probe motion is dissipated precisely
in the microstructure. Equilibrium fluctuation-dissipation principle could not
be recovered otherwise using traditional shear macrorheology, and results here
motivated extension of such principle to a more general system.
Zia and Brady [154] recognized the potential of forming a nonequilibrium
fluctuation-dissipation relation from active microrheology. As the first step,
they computed the nonequilibrium stresses using both micromechanics theory
and Brownian dynamics simulations. They compared their results with those
evaluated from an equilibrium relation, ∂Σ/∂n ∝ D, revealing a significant de-
viations between two sets of data. These findings motivated them to revisit the
equilibrium relation, and identify its negligence of advective flux — while the
equilibrium relation is governed by an equation of state and diffusive flux alone
suffices to account for particle transport, a nonequilibrium relation must be de-
rived from an equation of motion to address the advective flux arising from
the mean flow. Taking into account the effect of advective flux, they derived a
phenomenological theory delineating the nonequilibrium balance between fluc-
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tuation and dissipation that produces stress — an equation linking suspension
stress, microviscosity and flow-induced diffusivity — a nonequilibrium Stokes-
Einstein relation,
− Σ
neq
nakT
= (2 − ηmicro) D
f low
D
+
1
3
tr
(
D f low
D
)
I. (1.9)
The importance of this nonequilibrium relation not only lies in its fundamental,
scientific understanding of nonequilibrium fluctuation and dissipation, high-
lighting how a change in the timescale at which fluctuations are dissipated pro-
duces sustained microstructural asymmetry that in turn generates stress, but
also it broadens the scope of active microrheology so that one can obtain the sus-
pension stress tensor, which gives a full rheological description of a suspension,
from the mean and mean-square displacement of a single, embedded probe.
Distinct from statistical mechanics theory and dynamics simulations, this novel
theory requires no information of the microstructure, which can be tedious to
measure in practice, and requires no intensive computational simulations.
1.2 Roadmap for this body of work
The original nonequilibrium Stokes-Einstein relation [154] provides new in-
sights into energy fluctuation and dissipation in matter in the nonlinear regime,
and it extends the applicability of the active microrheology technique such that
the stress in a suspension can be inferred when its microviscosity and flow-
diffusivity are known. In this initial work, both the micromechanical theory
for the stress and the phenomenological model were developed for suspensions
comprising non-hydrodynamically interacting colloids. These theories will no
longer hold, however, in the general case of a hydrodynamically interacting sus-
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pension since hydrodynamic interactions qualitatively alter the evolution of the
particle microstructure and thus rheology, as discussed in Sec. 1.1. This moti-
vates a reexamination of the balance between stress, viscosity and diffusivity —
a generalized nonequilibrium Stokes-Einstein relation for a hydrodynamically
interacting suspension. Furthermore, previous work in active microrheology
theory has been restricted entirely to dilute suspensions. This left open ques-
tions of how suspension rheology depends on particle volume fraction and, in
order to predict concentrated suspension rheology efficiently, the development
of a theory unifying dilute and concentrated suspension response.
In the present research, we address three main topics. First, we develop a
micromechanical theory to study the influence of hydrodynamic interactions on
the evolution of the suspension stress and non-Newtonian rheology in a hard-
sphere colloidal suspension via an active microrheology framework. Relevant
theories and the model system are presented in the following section 1.3 of this
chapter, followed by analyses of the normal stresses and the associated non-
Newtonian rheology presented in Chapters 2 and 3, respectively. Second, in
Chapter 4, we generalize the current nonequilibrium Stokes-Einstein relation
to one that applies to a hydrodynamically interacting, hard-sphere suspension.
Third, in Chapter 5, we examine the effect of particle concentration on suspen-
sion response, from which we develop a scaling theory connecting dilute and
concentrated suspension rheology. Lastly, in Chapter 6, a conclusion is given to
summarize key findings of the present work. Some future research directions
are presented.
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1.3 Continuum and statistical mechanics approaches
The goal of the present research is to understand the origin and evolution
of the non-Newtonian rheology of a colloidal suspension through examining
its connection to the underlying particle microstructure. Further to that, how
the microstructure of a suspension evolves depends on the interacting forces
between the constitutive particles, and the coupling between the particles and
the suspending Newtonian solvent. In this section, we will present the scien-
tific background of three elements that describe the evolution of suspension
dynamics — fluid dynamics, microscopic forces, micromechanical model for
microstructural evolution. We start by introducing the equations that govern
the fluid flow.
1.3.1 Fluid dynamics
The flow of the intervening Newtonian solvent in a suspension is governed
by the continuity equation and the Navier-Stokes equation. The continuity
equation for an incompressible fluid is given by
∇ · u = 0, (1.10)
where u is the flow velocity. The Navier-Stokes equation can be derived from
Cauchy’s equation of motion, giving point-wise momentum balance
ρ
[
∂u
∂t
+ (u · ∇)u
]
= ∇ · σ + f , (1.11)
where ρ is the density and f is the external body force per unity volume arising
from, for instance gravity. The total fluid stress tensor σ comprises an isotropic
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mechanical pressure field paI and a deviatoric stress tensor τ
σ = −paI + τ, (1.12)
where, for an incompressible Newtonian fluid, the latter can be written consti-
tutively as the product of the dynamic viscosity η and the strain rate tenor E
as
τ = 2ηE = 2η
{
1
2
[
∇u + (∇u)T
]}
, (1.13)
where (∇u)T is the transpose of the velocity gradient. Inserting Eqs. (1.12) and
(1.13) into Eq. (1.11), and absorbing the body force into the dynamic pressure p
via the relation p = pa − f , the Navier-Stokes equation for an incompressible,
Newtonian fluid is written as
ρ
[
∂u
∂t
+ (u · ∇)u
]
= −∇p + η∇2u. (1.14)
Physically, the first term on the left-hand side represents a time-dependent ac-
celeration, the second term represents an inertial acceleration of the flow with
respect to space, also known as the advective acceleration. The first term on
the right-hand side represents a dynamic pressure gradient, and the last term
represents viscous stress.
For simplification of analysis, we nondimensionalize the Navier-Stokes
equation with the following scheme,
t∗ =
t
a/U
, x∗ =
x
a
, ∇∗ = ∇
1/a
, u∗ =
u
U
, p∗ =
p
ηU/a
, (1.15)
where symbols with asterisk are nondimensionalized, and a and U are the char-
acteristic length and velocity of the flow, respectively which, in this study, are
the hydrodynamic radius and velocity of a colloidal particle. The viscously-
scaled Navier-Stokes equation reads
Re
[
∂u∗
∂t∗
+ (u∗ · ∇∗)u∗
]
= −∇∗p∗ + ∇∗2u∗, (1.16)
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where the Reynolds number Re = ρUa/η emerges from the scaling. In the
present study, we consider microscopically small particles, where Re  1. This
yields the famous Stokes equation,
∇∗2u∗ = ∇∗p∗. (1.17)
In a suspension, the interface between fluid and particles, along with far-field
flow conditions, give two boundary conditions and thus a well-posed problem
that can be solved to obtain the fluid velocity and pressure field around the
particles, and subsequently the fluid stress tensor itself and moments of the
stress tensor such as hydrodynamic force, torque and stresslet. In the following,
we will introduce three key characteristics of the Stokes equation, then give
examples of formulating fluid-particle couplings.
Stokes equation is a Poisson equation of the flow velocity with the pressure
gradient being the forcing terms, and it bears three key features of an elliptic
equation, namely linearity, instantaneity, and time-reversibility. Linearity stems
from elimination of the nonlinear advection in the Navier-Stokes equation. As a
result, fluid motion and hence hydrodynamic traction moments are linear in the
boundary data; for a no-slip hard sphere of radius a traveling alone in a solvent
of viscosity η at a fixed velocity UP, the hydrodynamic force is FH = −6piηaUP
[Eq. (1.7)], the familiar Stokes drag law. Linearity also permits superposition
of solutions. Instantaneity suggests that the only time-dependence of Stokes
flow is via time-dependent boundary conditions, meaning that at a given time,
Stokes flow entails no information of flows at another time. Thus, if boundary
condition A gives flow field A and boundary condition B gives flow field B,
then if we apply boundary conditionA to flow field B, flow field Bwill change
immediately to be identical to flow field A — time reversibility. We will take
advantage of these properties when we formulate fluid-particle coupling below.
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We begin with the motion involving a single spherical particle, then extend it to
two-body and many-body interactions.
Let us consider a spherical particle fixed in a translating solvent with a con-
stant free-stream velocity U∞, and our goal is to determine the hydrodynamic
force induced by the fluid on the sphere. To this end, we solve for the distur-
bance velocity u and pressure fields p around the sphere, defined as
u = utot − u∞, (1.18)
and
p = ptot − p∞, (1.19)
where the superscript ∞ denotes the fields in the absence of any disturbance
due to the sphere, and the superscript tot denotes the total fields. The presence
of the sphere and its motion provide information to fully determine the gov-
erning continuity equation and Stokes equation, Eqs. (1.10) and (1.17), via the
boundary conditions,
u = −U∞ at r = a, (1.20)
u, p→ 0 as r = ∞, (1.21)
where r is the radial coordinate centered at the origin of the sphere of radius
a. The pressure field can be solved by recognizing its harmonicity and the lin-
earity of Stokes flow. For the former, the pressure is governed by a Laplace
equation, where its general solution comprises a sum of spherical harmonics,
and here decaying harmonics are chosen because the pressure must decay to
zero as prescribed by the second boundary condition Eq. (1.21). For the latter,
the pressure must be linear in the imposed filed −U∞. Together these give the
general solution for the disturbance pressure and velocity as
p = C1
U∞ · x
r3
, (1.22)
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u =
p
2η
x +C2
U∞
r
+C3
(
I
r3
− 3xx
r5
)
· U∞, (1.23)
where x is the position vector with its origin at the center of the sphere. The
constants C1, C2 and C3 can be determined by the use of the continuity equa-
tion and the first boundary condition Eq. (1.20). The disturbance pressure and
velocity are given by
p = −3ηa
2
U∞ · x
r3
, (1.24)
u = −3a
4
(
I
r
+
xx
r3
)
· U∞ − 3a
3
4
(
I
3r3
− xx
r5
)
· U∞. (1.25)
The above disturbance fields offer insights into modeling hydrodynamic inter-
actions. First, by a change of reference frame, the case above is equivalent to
a sphere sedimenting in a quiescent solvent with a velocity UP = −U∞, one of
the three important flow fields constituting a general linear flow. For the sake
of brevity, the other two types of flow, rotational and straining flow, are not
discussed here and readers are referred to [85, 62, 79, 148, 60] for detailed dis-
cussions. Second, the solutions demonstrate the slow decay of hydrodynamic
interactions as 1/r in particular for the velocity, meaning that hydrodynamic dis-
turbance cannot be neglected even when a neighboring sphere is far apart. As
we shall see, this necessitates consideration of two- or many-body interactions.
Given the disturbance pressure and velocity fields that we obtained,
Cauchy’s traction vector t = σ · n can be computed as (3η/2a)U∞, where n is the
outward unit normal from the sphere surface. The sum of hydrodynamic trac-
tion over the sphere surface gives the hydrodynamic force acting on the sphere
by the fluid
FH = 6piηaU∞, (1.26)
which recovers the familiar Stokes drag FH = −6piηaUP experienced by a sphere
translating in a quiescent solvent with a velocity UP = −U∞. The disturbance
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velocity Eq. (1.25) can now be written in terms of the hydrodynamic force as
u = −
[(
I
r
+
xx
r3
)
+ a2
(
I
3r3
− xx
r5
)]
· F
H
8piη
. (1.27)
In the limit a→ 0, the second term in Eq. (1.27) vanishes, leaving the solution
u|a→0 = −J · F
H
8piη
= −
(
I
r
+
xx
r3
)
· F
H
8piη
, (1.28)
which is called the Stokeslet, and is the solution to the Stokes equation with
a point forcing represented by a Dirac delta function of magnitude FH. Thus,
the Oseen-Burgers tensorJ is the Green’s function for the Stokes equation, and
is an important element in solution techniques utilizing distribution of forces,
such as integral representation, multipole representation, slender-body theory,
and boundary integral method, etc. [85, 62, 79, 148, 60].
Stokes’ drag law describes the coupling between the hydrodynamic force
(the zeroth force moment) and velocity. Similar couplings were deduced be-
tween the hydrodynamic torque LH (the antisymmetric part of the first force
moment) and rotation [81], and between the hydrodynamic stresslet SH (the
symmetric part of the first force moment) and straining motion [11]. The merit
of these relations is that hydrodynamic drag, torque and stresslet can be com-
puted without solving the corresponding boundary problem for the velocity
moments and pressure, but they are limited to general linear flow fields where
the gradient of the velocity field in the absence of any disturbance due to the
sphere, ∇u∞, is a constant. This condition would be violated by specific flow
fields such as Poiseuille flow or, in general and to our concern in this work, in
the presence of another sphere in a suspension. In other words, if we consider a
pair of spheres denoted as S 1 and S 2, the Stokes drag law and the other two cou-
pling relations for the first force moments cannot be applied to S 1 itself nor to
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S 2. It can be understood that, for the former, the motion of S 2 or simply its pres-
ence imposes another set of boundary conditions to the governing equations,
creating disturbance flows that alter the motion of S 1. For the latter, as seen
from the solution of the disturbance pressure and velocity, they decay slowly as
1/r and 1/r3, suggesting that long-ranged hydrodynamic interactions will alter
the motion of S 2. Indeed, beginning from the two-body level, spheres’ motion is
coupled due to the curvature of the flow ∇2u∞ associated with the disturbance
fields. Taking into account this effect, and utilizing Lorentz reciprocal theorem
[94, 95], Faxen [46] and Batchelor and Green [17] generalized the Stokes drag
law and the coupling relations for the torque and stresslet as
FH = 6piηa
[(
1 +
a2
6
∇2
)
u∞|r=0 − UP
]
, (1.29)
LH = 8piηa3
(
ω∞|r=0 − ωP
)
, (1.30)
SH =
20
3
piηa3
(
1 +
a2
10
∇2
)
E∞|r=0, (1.31)
where ω∞ and E∞ are the rotational velocity vector and straining rate tensor of
the solvent in the absence of disturbance due to the sphere, andωP is the rotation
of the sphere. These generalized relations, known as Faxen’s first, second and
third laws, are key elements in modeling two-body interactions, as we shall see
next.
To illustrate modeling of two-body interactions, we recapitulate our discus-
sion above for sedimentation of a single sphere. Stokes drag law, FH = −6piηaUP,
relates the hydrodynamic force to velocity of the sphere, and can be written as
U1 = −MUF11 · FH1 , (1.32)
where FH1 and U1 = U
P are the hydrodynamic force and velocity of the sphere,
and the mobility MUF11 = I/6piηa governs the strength of coupling between the
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two, i.e. Mi j couples the hydrodynamic force acting on sphere j to the induced
velocity on sphere i. For another identical sedimenting sphere that is very far
away from the first sphere, one can similarly write U2 = −MUF22 · FH2 . Never-
theless, as discussed above these couplings break down when the separation
between the two spheres is not very large, owing to the slow decay of hydrody-
namic disturbance. That is, the motion of sphere 1 affects that of sphere 2, and
vice versa. This motives writing a coupled linearity relationU1U2
 = −
M
UF
11 M
UF
12
MUF21 M
UF
22
 ·
F
H
1
FH2
 , (1.33)
where MUF12 and M
UF
21 are the new mobility tensors introduced by hydrodynamic
interactions between a pair of spheres.
To construct MUF12 and M
UF
21 , we use the method of reflections. The tech-
nique has its name because it captures the reflective nature of hydrodynamic
interactions: the disturbance caused by sphere 1 propagates through the sol-
vent and alters the motion of sphere 2, which in turn generates disturbance and
“reflected” back to sphere 1, and infinite reflections follow. To begin, we re-
state the Stokes drag law and the disturbance velocity caused by sphere 1 in the
absence of pair-interaction,
U01 = −
FH1
6piηa
, (1.34)
u01 = −
[(
I
r
+
xx
r3
)
+ a2
(
I
3r3
− xx
r5
)]
· F
H
8piη
, (1.35)
where the superscript denotes the order of reflection. For sphere 2 located at
x = r and sedimenting, the velocity disturbance u01 causes it to translate with a
first-reflection velocity given by the Faxen’s first law [Eq. (1.29)]
U12 = u
0
1(r) +
a2
6
∇2u01(r) = −
(
I
r
+
rr
r3
)
· F
H
8piη
+ O(r−3), (1.36)
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and the total velocity of sphere 2 can be obtained by superpositioning the
zeroth- and first-reflection velocity, U02 and U
1
2, giving
U2 = − I6piηa · F
H
2 −
1
8piη
(
I
r
+
rr
r3
)
· FH1 + O(r−3), (1.37)
where the second term on the right-hand side of Eq. (1.37) constitutes MUF21 . In
principle, the reflection process continues infinitely, but as a demonstration we
stop here at the first reflection. By the same token, the total velocity of sphere 1
and MUF12 can be obtained. Finally, we can write down the pair mobility formu-
lation coupling hydrodynamic force to induced velocityU1U2
 = −

I
6piηa
1
8piη
(
I
r
+
rr
r3
)
1
8piη
(
I
r
+
rr
r3
)
I
6piηa
 ·
F
H
1
FH2
 . (1.38)
We note that, in contrast to single particle hydrodynamics where only the par-
ticle size (and particle shape in general) matters, two-body interactions also de-
pend on the relative separation between the particles. This brings up another
issue that many reflections are required to capture the behavior of MUF12 and M
UF
21
when separation distance r → 0. To circumvent this problem, a cutoff separation
distance is set when modeling “near-field” hydrodynamic interactions, within
which lubrication expressions were derived in replacement of the above “far-
field” expressions. The development of lubrication expressions are relatively
standard, and readers are referred to [75, 80, 79, 73, 74] for further discussions.
The example above presents one of the nine mobility couplings between pre-
scribed hydrodynamic force moments and velocity moments to be determined.
For the reverse problem where particle motion is prescribed and hydrodynamic
force moments are unknown, resistance couplings and hydrodynamic resis-
tance functions have been derived. The rest of these mobility and resistance
couplings have been systematically documented in various texts, e.g. [79].
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To this point, we present a framework for modeling pair interactions but
in general higher-order interactions matter. However, both theories [12] and
experiments [101] have shown that two-body interactions are responsible for
many landmark results such as the aforementioned thinning and thickening
of viscosity, force-induced diffusion, and normal stress differences. Thus, we
pause here, and will continue our discussion on modeling many-body interac-
tions when we examine the effect of particle concentration in Chapter 5.
In summary, it is important to take into account factors that could alter sep-
aration between particles in order to faithfully predict particle hydrodynamic
interactions and thus the evolution of the microstructure and rheology. In the
following sections, Sec. 1.3.2 and 1.3.3, we will present a model system for active
microrheology and microscopic forces, then formulate a Smoluchowski equa-
tion governing the spatial evolution of the particle microstructure.
1.3.2 Model system and microscopic forces
We consider a suspension of volumeV comprising N neutrally buoyant, col-
loidal hard spheres all of hydrodynamic radius a, immersed in an incompress-
ible Newtonian fluid of density ρ and dynamic viscosity η. One of the particles,
the probe, is driven by a fixed external force Fext while the remaining N − 1 bath
particles are external force- and torque-free (Fig. 1.5). The probe is centered at
x1, and a bath particle at a relative position r = x2 − x1, where subscripts 1 and 2
denote quantities associated with the probe and bath particle, respectively. The
strength of fluid inertia relative to viscous shear defines a Reynolds number,
Re = ρUa/η, where U is the characteristic velocity of the probe. Because the
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Figure 1.5: (a) The single-probe microrheology model system for equally-
sized particles of hydrodynamic radius a and hard-sphere ra-
dius ath, defining the no-slip and no-flux surfaces, respectively.
(b) Minimum approach distance for a range of interparticle
repulsion; grey circles of size a are probe and bath particles;
dashed circle around each particle is thermodynamic radius ath;
large dashed circle is minimum approach distance rmin.
probe and bath particles are small, Re  1, inertial forces can be neglected and
thus the fluid mechanics are governed by Stokes’ equations. The probe number
density, na = Na/V, relative to the number density of bath particles, nb = Nb/V, is
small. Probe motion distorts the equilibrium microstructure while the Brownian
motion of the bath particles acts to recover their equilibrium configuration. This
gives rise to an entropic restoring force, 2kT/ath, where k is Boltzmann’s constant
and T is the absolute temperature (the factor of two arises from the diffusive
motion of both the probe and the bath particles). The degree of distortion of the
microstructure, and hence its influence on probe motion, is set by the strength
of probe forcing, F0, relative to the entropic restoring force, defining a Pe´clet
number: Pe = F0/(2kT/ath). Interactions between probe and the surrounding
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microstructure change probe velocity, and these changes can be utilized to infer
suspension properties [124, 102, 78, 144, 153, 154, 155, 131, 68, 69, 70, 34, 35].
We recognize that hydrodynamic interactions cannot be tuned indepen-
dently of entropic repulsion since the range of the latter controls how close
particles can approach each other, which in turn controls the strength of hy-
drodynamics. Hydrodynamic interactions between particles take place at the
no-slip surfaces of the particles, a. In contrast, surface features of the particles,
e.g. roughness, electrostatic repulsive layers, or polymer brushes, may also be
present, and set the range of entropic repulsion, determining the minimum-
approach distance rmin with which two particles can approach one another, in
turn setting a thermodynamic size, ath, where rmin = 2ath for equally-sized parti-
cles. In contrast to the no-slip particle surfaces defined by hydrodynamic forces,
such non-hydrodynamic interparticle forces define a no-flux surface that may
extend beyond the hydrodynamic radius, rmin ≥ 2a. In this work, we employ the
excluded-annulus model [118] to account for the short- and long-ranged nature
of such interactions (Fig. 1.5).
An interparticle force derivable from a potential V(r) between particles may
include electrostatic or steric forces as from grafted polymers to stabilize a dis-
persion for example. Here we adopt a hard-sphere model, where particle over-
laps are prevented by an infinite potential at contact between the no-flux sur-
faces, r = 2ath; the particles exert no direct force on each other otherwise, viz,
V(r) =

∞ if r ≤ rmin
0 if r > rmin.
(1.39)
For a conservative potential, the interparticle force FPα acting on a particle α can
be obtained from the relation FPα = −kT∇αV , where the derivative is taken with
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respect to the absolute position of the particle α.
The ratio of the thermodynamic to hydrodynamic radius defines the dimen-
sionless repulsion range:
κ ≡ ath − a
a
. (1.40)
When κ → ∞, the long range of the interparticle repulsion keeps particles suffi-
ciently separated so that even long-range hydrodynamic interactions are negli-
gible. When κ ∼ O(1), hydrodynamic interactions strongly influence the config-
uration and relative motion of particles. In the limit of strong hydrodynamics,
κ → 0, particles can approach one another closely enough to experience lubrica-
tion forces.
1.3.3 Micromechanical model for microstructural evolution
The Smoluchowski equation governs the spatio-temporal evolution of the
the N-particle probability distribution function PN(xN , t):
∂PN(xN , t)
∂t
+
N∑
i=1
∇i · ji = 0, (1.41)
where xN is the configuration vector. Advective, Brownian and interparticle
forces drive particle flux j, which for particle i is written
ji = UiPN −
N∑
j=1
Di jPN · ∇ j(ln PN + VN/kT ), (1.42)
where Ui is the velocity due to the external probe forcing, kT is the thermal
energy, and VN is the N-particle interaction potential. The relative Brownian
diffusivity between particles i and j is Di j = kTMUFi j , where the hydrodynamic
mobility tensor MUFi j governs the strength of the coupling between the force
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exerted on particle j and the resultant velocity of particle i, and can be further
expressed as
MUFi j =
1
6piηa
[
xai j rˆrˆ + y
a
i j (I − rˆrˆ)
]
. (1.43)
In Eq. (1.43), rˆ is the unit vector along the line of centers of two particles, xai j
and yai j govern the motion of particle α and β along and transverse to their line
of centers, respectively. The three terms on the right-hand side of Eq. (1.42)
give the flux of particles due to advection, Brownian diffusion, and interparticle
forces, respectively. In the dilute limit, only pair interactions are important, and
the probability PN(xN , t) in Eqs. (1.41) and (1.42) becomes the pair probability of
finding the probe at position x1 and a bath particle at position x2, where sub-
scripts 1 and 2 denote quantities associated with the probe and bath particle,
respectively [124]. To analyze the relative flux between the probe and a bath
particle, it is convenient to utilize a frame of reference moving with the probe,
placing the probe at z = x1, and a bath particle at r = x2 − x1 (Fig. 1.5). The
steady-state pair-Smoluchowski equation becomes [124, 78]:
∇r · (Urg) − ∇r · Dr · (g∇rVN/kT + ∇rg) = 0, (1.44)
where g = g(r) is the pair distribution function defined as n2bg(r) = [(N − 2)]−1
× ∫ PN(rN)dr3...drN . The velocity and diffusivity of a bath particle relative to the
probe are given by Ur = U2 − U1 and Dr = D11 + D22 − D12 − D21 respectively,
and derivatives are taken with respect to the relative separation r. This expres-
sion governs the evolution of particle microstructure due to the advection and
diffusion of a bath particle relative to the probe, where the hard-sphere force
prescribes no relative velocity at contact, and there is no long-range order:
rˆ · Dr · ∇rg − rˆ · Urg = 0 at r = 2ath, (1.45)
g ∼ 1 as r → ∞. (1.46)
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The equations are made dimensionless by scaling the relative separation on the
thermodynamic size of particles, and scaling the relative velocity and diffusivity
on the Stokes velocity and the bare diffusivity of a colloidal particle of size a
respectively, as
r ∼ ath, Ur ∼ F06piηa , Dr ∼ 2Da = 2
kT
6piηa
. (1.47)
The dimensionless governing equations are thus
Pe ∇ · (Ug) − ∇ · (D · ∇g) = 0, (1.48)
rˆ · D · ∇g − Pe rˆ · Ug = 0 at r = 2, (1.49)
g ∼ 1 as r → ∞, (1.50)
where the superscript and subscripts on ∇r, Ur and Dr are dropped for brevity.
Equation (1.48) gives a balance between Pe-strong advective forcing of the
probe and the entropic restoring force exerted by the bath particles. The solution
for the microstructure is solved in Chapter 2, and is employed in a statistical me-
chanics framework to compute the suspension stress averaged over the entire
material. Before moving on to present the outline of this dissertation, we clar-
ify the use of Batchelor’s averaging technique [11] in the active microrheology
framework.
In the classical framework of suspension mechanics developed by Batchelor
[11], the procedure for computing bulk or average rheological quantities by av-
eraging over an ensemble of microscopic configurations is shown to be equiva-
lent to a volume averaging procedure, under certain conditions. This equality of
an ensemble average and a volume average is based on the central assumption
that the suspension is statistically homogeneous. In the active microrheology
framework, we consider a set of probe particles with number density na in a
35
dilute suspension of bath particles with number density nb. The probe phase
is sufficiently dilute that one probe does not interact with another. In addition,
the probes are dilute relative to the bath, na  nb. We consider a unit volume
of solvent and particles of a characteristic dimension l. In a dilute bath, interac-
tions between the bath particles give rise to a suspension stress of O(φ2b), which
is small compared to the O(φb) contribution arising from the probe-bath interac-
tions [154]. Thus the probe-phase stress dominates the particle stress in any unit
volume. Now, we consider the entire suspension, of characteristic dimension L,
comprising many of these unit volumes. Since l  L, the variation of the local
statistical properties on the microscale l (within each unit volume) is negligi-
ble on the macroscale L upon considering the suspension as a whole. In other
words, on the suspension length scale L relevant to bulk rheology, such spatial
variations in the suspension stress are negligibly small; thus the suspension can
be treated as statistically homogeneous.
In justifying the statistical homogeneity of a suspension, another stipulation
underlying the averaging process is that all particles are external-force free, im-
plying that in a closed system there is no net migration of particles (no formation
of particle-rich and particle-depleted regions, akin to formation of sediment and
supernatant in sedimentation), that would yield a statistically inhomogeneous
suspension. The model presented in the current work pertains to an unbound
suspension which, in practice, corresponds to a large container. Indeed not all
particles are external-force free in our system: the probes are driven by a fixed
external force, producing net translation of probe particles. However, the probe
phase is dilute relative to the bath (na  nb), and thus the net migration of the
probe phase is small compared to the container size. In a “large” container, the
influence of the accumulation of particles in one region (and depletion in an-
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other) on the statistical properties of the suspension is negligible, given that the
vast majority of the large domain is statistically homogeneous. The influence
of net particle migration can be further minimized in practice, by conducting
active microrheology in a system in which one side is connected to a continu-
ous supply of suspension while the other to drainage, i.e. an open system or,
more simply, to utilize a container that is large compared to particle size and
separation.
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CHAPTER 2
ACTIVE MICRORHEOLOGY OF HYDRODYNAMICALLY
INTERACTING COLLOIDS: NORMAL STRESSES AND ENTROPIC
ENERGY DENSITY
2.1 Introduction
Equilibrium stress in colloidal dispersions arises when thermal fluctuations
create temporary density gradients which are subsequently and rapidly dissi-
pated by Brownian motion. The stress and osmotic pressure are fundamentally
set by entropic forces and, in equilibrium hard-sphere dispersions, this is simply
entropic exclusion to particle overlap. In the presence of strong hydrodynamic
interactions, the osmotic pressure is given by Π/nkT = 1 + 4φg(2a), valid for all
volume fractions, where n is the number density of particles, kT is the thermal
energy, g(2a) is the pair-distribution function at contact, and the volume fraction
φ ≡ 4pia3n/3 is set by the hydrodynamic particle radius a, where the no-slip con-
dition is obeyed. The effective size of particles are, however, set by a thermody-
namic surface ath, where the no-flux condition is obeyed (Fig. 2.1). The thermo-
dynamic surface serves as a simplistic, yet useful, representation of various sur-
face conditions, as arises in the presence of repulsive charges, surface asperities,
or other features employed to sterically stabilize the dispersion; ath may extend
well beyond the hydrodynamic radius. The ratio of the two, κ ≡ (ath − a)/a, de-
termines how closely the no-slip surfaces of a pair of particles can approach one
another, thus setting not only the strength of hydrodynamic coupling, but also
the degree of entropic exclusion. When hydrodynamic interactions weaken (as
κ becomes large), the osmotic pressure is given by Π/nkT = 1+4φthg(2ath), where
38
the volume fraction is defined by the no-flux surface, φth ≡ 4pia3thn/3. Because
φth/φ = (ath/a)3, the osmotic pressure grows dramatically as hydrodynamic in-
teractions weaken, i.e., as entropic forces become strong. That is, entropic forces
exert a direct influence on equilibrium stress: increasing thermodynamic par-
ticle size reduces the available free volume, thereby increasing osmotic pres-
sure. This behavior is independent of particle configuration, depending only
on particle density. However, flow or external fields drive a suspension from
equilibrium, distorting the particle microstructure and can concurrently pro-
duce nonequilibrium stress. The connection of the microstructural distortion to
nonequilibrium stress has been a focus of numerous investigations of suspen-
sion stress.
Early studies of nonequilibrium stress in colloidal suspensions showed that
distortion in the microstructure does not guarantee additional (nonequilibrium)
stress above and beyond the equilibrium stress; rather, structural asymmetry
must be present to produce such non-Newtonian rheology. This began with
Batchelor’s pioneering study of the nonequilibrium stress in a hydrodynami-
cally interacting suspension of hard spheres in which he developed a nonequi-
librium statistical mechanics framework, i.e. the Smoluchowski equation, which
governs structural evolution. He utilized its solutions to compute the average
stress in dilute suspensions [16]. He found that for very strong flow, i.e. in
the absence of Brownian motion, the structure is spherically symmetric in the
pair-limit and bars the development of nonequilibrium stress, suggesting that
structural asymmetry — not just distortion — is an essential element of non-
Newtonian rheology. In that work, he predicted that the presence of even weak
Brownian motion would destroy reversible Stokes-flow trajectories and lead to
non-Newtonian rheology, a prediction confirmed by many subsequent studies.
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He later sought to confirm this claim by incorporating the effects of Brownian
motion into the Smoluchowski theory, studying its effects on stress in the limit
of strong Brownian motion, Pe  1. Here, the Pe´clet number, Pe, is a measure of
the strength of advection, which distorts the suspension, relative to the strength
of diffusion that acts to recover the equilibrium microstructure. However, in
the linear-response regime, microstructural distortion was too weak to produce
non-Newtonian stress, and he conjectured that appreciable structural asymme-
try must be present to generate lasting nonequilibrium stress [14]. This suggests
that thermodynamic fluctuations dissipate the stress as rapidly as it builds, i.e.
as predicted by Green-Kubo theory. Later study by Brady and Vicic [27] interro-
gated Batchelor’s hypothesis in an analytical study of the evolution of structure
and stress in a dilute colloidal suspension undergoing simple shear flow, by
extending the perturbation to weakly nonlinear flow, O(Pe2). They confirmed
Batchelor’s prediction that non-Newtonian stress appears in the weakly nonlin-
ear regime where structural distortion is first appreciable, i.e at O(Pe2). These
studies showed that both the shape and the extent of microstructural distortion
plays a role in the development of stress in the limiting cases of strong hydro-
dynamic interactions under weak and strong flow; but how entropic forces alter
the strength of hydrodynamics and, in turn, their influence on nonequilibrium
stress, and their role with evolving flow strength was still unclear.
In an effort to elucidate the effect of hydrodynamic interactions on normal
stress differences in strongly sheared suspensions, Brady and Morris [26] em-
ployed an excluded-annulus model [118] to study the two limits of very weak
and very strong hydrodynamic interactions, finding that normal stress differ-
ences decrease moving from the former to the latter limit. However, subsequent
Stokesian Dynamics simulations studies by Foss and Brady [50] of a suspension
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sheared over a range of Pe showed that, in the limit of strong hydrodynamics,
the first normal stress difference changes sign with increasing flow strength.
The authors computed the hydrodynamic and entropic contributions to the
stress arising from different regions of the anti-symmetric microstructure, and
attributed the sign change to weakening Brownian stress as flow strength in-
creases. Until 1/Pe is identically zero, the normal stress differences are nonzero,
owing to the destruction of structural symmetry by Brownian motion. Such de-
struction of symmetry can also be achieved by particle roughness [142, 143, 141];
Bergenholtz et al. [19] investigated its effects on normal stress differences by
studying the evolution of stress with Pe for several strengths of hydrodynamic
interactions, by varying the range of interparticle repulsion (which can be small
as in the case of surface roughness, or large as in the case of electrostatic repul-
sion, for example). They recovered the finding of Foss and Brady [50] that in
the limit of strong hydrodynamic interactions, the first normal stress difference
transitions from positive to negative as flow evolves from weak to strong. In
the opposite limit of weak hydrodynamic interactions this behavior vanishes,
giving a strictly positive first normal stress difference as Pe increases. We in-
terpret these studies as a systematic study in which hydrodynamic interactions
could be made strong compared to Brownian motion or strong compared to par-
ticle roughness, but a comprehensive picture of the influence of the interplay
between hydrodynamic and entropic forces on the development of nonequilib-
rium suspension stress remains obscure, owing to a lack of connection to the
microstructural mechanisms that generate stress.
As with an equilibrium suspension, growth of hydrodynamic interactions
from weak to strong decreases the effective volume fraction, and increases
the duration of pair encounters. The former configuration-independent effect
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would suggest that stronger hydrodynamic interactions suppress nonequilib-
rium stress, but the latter, configuration-dependent effect suggests that they
increase it. This leaves open the question of how changes in structure arising
from hydrodynamic and entropic forces change stress, and points to the need
for a fundamental analysis of normal stresses, rather than their differences, and
how these evolve with flow and microscopic forces.
To wit, Bergenholtz et al. [19] showed that, in the limit of strong hydrody-
namic interactions, the interparticle contribution to the normal stress differences
is zero, consistent with the dogma that lubrication interactions prevent particle
contact in this limit. While they did not report the normal stresses, these can
be extracted by solving a set of linear equations constructed with their data
for the osmotic pressure and the two normal stress differences. Doing so re-
veals that, in fact, their interparticle normal stresses are not zero, even in the
limit of strong hydrodynamics. This could be viewed simply as an artifact of
the authors’ choice to move part of the trace of the interparticle stress to the
Brownian stress for convenience of calculations — but to us this presents fur-
ther confirmation of the idea that interparticle forces play an important role in
suspension rheology even in the limit of perfectly smooth particles [68]. While
they did devote attention to the evolving role of hydrodynamic, interparticle,
and Brownian contributions to the stress, the sought-after connection between
hydrodynamic interactions (and other microscopic forces) and the strength of
the suspension stress is still smeared out by the aforementioned grouping of the
thermodynamic stresses and by the lack of study of the normal stresses. It is
thus clear that to gain a more fundamental understanding of the roles played
by microscopic forces in the flow-induced evolution of suspension stress, a
study of the fundamental quantity, the normal stresses, is necessary — as is
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a re-examination of the interpretation of the thermodynamic stresses.
Progress in closing this gap in understanding of the origin of nonequilib-
rium stress in suspensions was made by Zia and Brady [154], who studied the
normal stresses, normal stress differences, and osmotic pressure in a dilute col-
loidal dispersion of non-hydrodynamically interacting spheres via analytical
theory and Brownian dynamics simulation, finding that the suspension stress
can be expressed as a balance between fluctuations (particle diffusion) and dis-
sipation (viscous stress), recovering the theory of Einstein and Batchelor in the
limit of equilibrium but also enlarging the model to strong suspension flow.
They showed that the thermal fluctuations dissipated by solvent drag (viscosity)
at equilibrium have nonequilibrium analogs: flow-induced diffusion and mi-
crostructural drag produce structural asymmetry that persists over long times
at steady state, giving rise to nonequilibrium stress. To form this connection
they utilized the framework of microrheology — rather than traditional shear
rheology. In the limit of no hydrodynamic interactions studied, the interparticle
repulsion range is large and stress arises solely from direct collisions between
particles (entropic exclusion). At equilibrium these give rise to a weakly asym-
metric dipolar microstructural perturbation, and normal stresses that scale as
Pe2. To leading order, all three normal stresses are so close in value that the
first normal stress difference is O(Pe4) (the second normal stress difference is
identically zero owing to the axisymmetry of the perturbed structure), again
confirming that appreciable asymmetry — i.e. at least weakly nonlinear flow
– is required to produce lasting nonequilibrium stress. They found that, with
increased flow strength, structural asymmetry becomes pronounced and the
nonequilibrium stress becomes appreciable. The results were obtained via three
approaches: a traditional statistical mechanics approach similar to those de-
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scribed above; Brownian dynamics simulations; and a new phenomenological
theory describing the nonequilibrium balance between fluctuation and dissipa-
tion that produces the stress, a nonequilibrium Stokes-Einstein relation. An in-
teresting aspect of their model is its interpretation of the stress as energy stored
via entropic rearrangement of the microstructure. In this initial work, hydro-
dynamic interactions between particles were neglected; an investigation of the
variation of asymmetry in the structure with flow strength under the influence
of hydrodynamic interactions is necessary to provide a more comprehensive
view of the suspension stress and the role of entropic forces.
In the present work, we undertake the study of how the relative strengths
of entropic and hydrodynamic forces give rise to the suspension stress via the
framework of active microrheology, and systematically tune the range of inter-
particle repulsion utilizing an excluded-annulus model [118]. While much prior
work focuses only on the normal stress differences and on the osmotic pressure,
we place a primary focus on examining the normal stresses themselves. Doing
so reveals that the nonequilibrium stress is set primarily by entropic forces and
that entropic forces enhance suspension stress. While it could be equivalently
stated that hydrodynamic interactions act to suppress the stress — both at and
away from equilibrium — the entropic perspective provides a satisfying connec-
tion between stress and energy density in the suspension. To complement the
traditional connection between average microstructure and macroscopic behav-
ior, we utilize pair-trajectory analysis to explain the variation of microstructural
asymmetry driven by microscopic forces. This trajectory perspective provides a
unique window through which one can view the connection between entropic
energy storage and suspension stress.
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The remainder of this chapter is organized as follows: in Sec. 2.2, the mi-
crorheology system presented in Sec. 1.3.2 is recapitulated, followed by pre-
sentation of the theoretical framework that describes the evolution of the mi-
crostructure and suspension stress is presented. First, the two-body Smolu-
chowski equation governing the spatial evolution of the particle microstructure
presented in Sec. 1.3.3 is recapitulated. Next, the contributions from the exter-
nal, Brownian and interparticle forces to the total stress are derived in terms
of the couplings between hydrodynamic traction moments and particle motion.
From this, expressions for the average material stress are derived utilizing the
statistical mechanics theory. Results are presented in Sec. 2.4, beginning with
the evolution of the nonequilibrium microstructure under weak to strong probe
forcing and hydrodynamic interactions, followed by an analysis of its impacts
on nonequilibrium suspension stress. Focus is placed on the normal stresses
parallel and perpendicular to the direction of the external force. Asymptotic
behaviors in the limits of weak and strong probe forcing, and weak and strong
hydrodynamic interactions are presented first. Next, the same quantities are
computed for the full range of forcing and strength of hydrodynamic interac-
tions, spanning six decades of Pe and eight decades of κ, revealing an important
transition from the diffusion-dominated to advection-dominated regimes. To
gain insight into the transport processes and microscopic forces underlying this
behavior, the individual contributions due to external-force induced, Brownian
and interparticle contributions are investigated. The entropic energy storage
of suspensions is also examined via the pair-trajectory analysis. The study is
concluded in Sec. 2.5 with a summary.
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2.2 Model system
We recapitulate the microrheology framework presented in Sec. 1.3.2. We
consider a suspension of neutrally buoyant, colloidal hard spheres all of hydro-
dynamic radius a, immersed in an incompressible Newtonian fluid of density
ρ and dynamic viscosity η. One of the particles, the probe, is driven by a fixed
external force Fext through the suspension. The strength of fluid inertia rela-
tive to viscous shear defines a Reynolds number, Re = ρUa/η, where U is the
characteristic velocity of the probe. Because the probe and bath particles are
small, Re  1, inertial forces can be neglected and thus the fluid mechanics are
governed by Stokes’ equations. The probe number density, na, relative to the
number density of bath particles, nb, is small. Probe motion distorts the equi-
librium microstructure while the Brownian motion of the bath particles acts to
recover their equilibrium configuration. This gives rise to an entropic restoring
force, 2kT/ath, where k is Boltzmann’s constant and T is the absolute tempera-
ture (the factor of two arises from the diffusive motion of both the probe and
the bath particles). The degree of distortion of the microstructure, and hence its
influence on probe motion, is set by the strength of probe forcing, F0, relative to
the entropic restoring force, defining a Pe´clet number: Pe = F0/(2kT/ath).
We employ an excluded-annulus model [118] to tune the relative strength of
hydrodynamic to entropic forces. Hydrodynamic interactions between particles
take place at the no-slip surfaces of the particles, a, whereas entropic forces aris-
ing from various surface conditions interact at the no-flux surface, ath, setting
the minimum approach distance of two particles, rmin = 2ath.
The ratio of the thermodynamic to hydrodynamic radius defines the dimen-
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sionless repulsion range:
κ ≡ ath − a
a
. (2.1)
When κ → ∞, the long range of the interparticle repulsion keeps particles suffi-
ciently separated so that even long-range hydrodynamic interactions are negli-
gible. When κ ∼ O(1), hydrodynamic interactions strongly influence the config-
uration and relative motion of particles. In the limit of strong hydrodynamics,
κ → 0, particles can approach one another closely enough to experience lubrica-
tion forces.
2.3 Theoretical framework
Here, we present a model system that accounts for the effects of nonequi-
librium flow and particle interactions. The dynamics of colloidal suspensions
reside at the interface between statistical mechanics that describe the spatio-
temporal particle distribution, and the continuum mechanics that govern fluid
motion. To begin the analysis, we recapitulate the Smoluchowski equation gov-
erning the evolving spatial distribution of particles presented in Sec. 1.3.3. The
average stress in the suspension is then expressed in terms of the external-force
induced, Brownian and interparticle stresslets, which in turn are defined via the
principles of low-Reynolds number hydrodynamics. Expressions for the aver-
age suspension stress are then derived via the statistical mechanics theory.
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2.3.1 The nonequilibrium microstructure
In Sec. 1.3.3, we formulated the Smoluchowski equation governing the
spatial-temporal evolution of the N-particle probability distribution function,
and reduced it to a two-body Smoluchowski equation for pair distribution func-
tion that is suitable to describe dilute suspension dynamics. The dimensionless
governing equations read,
Pe ∇ · (Ug) − ∇ · (D · ∇g) = 0, (2.2)
rˆ · D · ∇g − Pe rˆ · Ug = 0 at r = 2, (2.3)
g ∼ 1 as r → ∞, (2.4)
where g = g(r) is the pair distribution function, U and D are the velocity and
diffusivity of a bath particle relative to the probe, rˆ = r/r is the unit vector
connecting centers of the probe and a bath particle.
Equation (2.2) gives a balance between Pe-strong advective forcing of the
probe and the entropic restoring force exerted by the bath particles. Equations
(2.2)–(2.4) have been solved elsewhere [124, 78, 153, 131] but are solved in detail
in the present work as well. Following these prior approaches, the equations
are solved in the present study in the limits of weak and strong forcing utiliz-
ing asymptotic analysis, and we employ a finite-difference scheme for arbitrary
forcing. Because our focus is primarily on the nonequilibrium stress, we de-
fine the nonequilibrium distortion f (r) of the microstructure, g(r) = geq(1 + f (r)),
where geq is the equilibrium microstructure and is equal to unity in a dilute dis-
persion. The solutions are presented in Sec. 2.4.
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2.3.2 The suspension stress
The particle-phase stress, 〈Σ〉, can be divided into non-hydrodynamic and
hydrodynamic contributions as [11, 14],
〈Σ〉 = −nakT I − na〈rFP〉 + 〈Σ〉H, (2.5)
where I is the isotropic tensor, and the angle brackets denote an ensemble aver-
age over all positions of the bath particles. The approach we shall take here is to
consider a material through which there are a large number of probe particles
moving in response to an external force. The probes are taken to be so dilute
that they do not interact with one another, and are dilute relative to the bath
particles, na  nb. A detailed discussion of the averaging, following Batchelor’s
program [11], is given in Sec. 1.3.3. In Eq. (2.5), the first term, −nakT I, is the ideal
osmotic pressure associated with the equilibrium thermal energy of the Brown-
ian particles. The second term, −na〈rFP〉, is the non-hydrodynamic interparticle
stress and originates from interparticle elastic collisions to which we also refer
as 〈Σ〉P,el ≡ −na〈rFP〉. The remaining term, 〈Σ〉H, is the hydrodynamic stress in-
duced by external probe forcing, Brownian motion and interparticle force via
hydrodynamic coupling. It is the stress exerted by the fluid on the particles,
and can be written as
〈Σ〉H = 〈Σ〉H,ext + 〈Σ〉B + 〈Σ〉P,dis. (2.6)
The superscript P, dis refers to the dissipative part of the interparticle stress:
when an interactive force between particles causes relative motion, if they are
hydrodynamically coupled, the motion will produce a stresslet. The average
stresses in Eq. (2.6) can be expressed in terms of the corresponding stresslets,
viz. 〈Σ〉H = na〈S〉H, 〈Σ〉H,ext = na〈S〉H,ext, 〈Σ〉B = na〈S〉B, and 〈Σ〉P,dis = na〈S〉P,dis, such
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that,
SH = SH,ext + SB + SP,dis. (2.7)
The stresslets correspond to the symmetric part of the stress tensor, and arise
due to disturbance flows created by particle motion. These are in turn given
by the hydrodynamic couplings between particle motion and hydrodynamic
tractions on the particle surfaces:
SH,ext = −RSU · (MUF · Fext) − RSΩ · (MΩF · Fext) (2.8)
= −RSU · Uext − RSΩ ·Ωext,
SB = −kT∇ · (RSU · MUF) − kT∇ · (RSΩ · MΩF) , (2.9)
SP,dis = −RSU · (MUF · FP) − RSΩ · (MΩF · FP) (2.10)
= −RSU · UP − RSΩ ·ΩP,
where Uext and Ωext are the translational and rotational velocities of a particle
due to the external force Fextapplied to the probe, and UP and ΩP are the trans-
lational and rotational velocities of a particle due to interparticle forces FP be-
tween particles. The hydrodynamic resistance and mobility tensors RSU , RSΩ,
MUF and MΩF couple surface tractions on one particle to its own motion and
the motion of other particles (a brief discussion of the hydrodynamic resistance
and mobility functions is given in Appendix A). Physically, the advective flow
arising from the externally applied force gives rise to a external-force induced
stresslet SH,ext on a particle surface because it cannot deform. The Brownian
stresslet SB on particle surfaces arises due to disturbance flows driven by the
Brownian motion of bath particles as it acts to smooth microstructural gradients
[14]. Finally, relative motion produced by interparticle forces gives rise to dis-
turbance flows that in turn create a stresslet SP,dis on particle surfaces. The sum
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of the elastic and dissipative interparticle stresslets is the (total) interparticle
stresslet,
SP = SP,el + SP,dis = −rFP − RSU · UP − RSΩ ·ΩP. (2.11)
The external-force induced stresslet, SH,ext, the Brownian stresslet, SB, and the
dissipative interparticle stresslet, SP,dis, all vanish in the absence of hydrody-
namic interactions, as do their sum, the hydrodynamic stresslet SH. In con-
trast, the elastic interparticle stresslet, SP,el, is always present regardless of the
strength of hydrodynamic interactions. A detailed derivation of the particle
stresslet from mobility and resistance formulations is given in Appendix B.
Before moving on to evaluate the average stresses, we compare the definition
of the stresslets given above with those found in previous literature [14, 20, 19].
The external-force induced stresslet, denoted as SH,ext in this work, has often
been called the hydrodynamic stresslet SH following Batchelor’s original nota-
tion, which he defined as part of his seminal work determining the bulk stress
in a homogeneous suspension of noncolloidal particles subjected to a statistically
uniform straining motion. In the absence of Brownian motion, he defined the
particle stress due solely to external straining motion (analogous to our external-
force induced stress) as the hydrodynamic stress. To generalize the framework
to include Brownian motion, he considered a homogeneous suspension of col-
loids at equilibrium to obtain expressions for the thermodynamic (Brownian
and interparticle) stresses. He then proposed that the total stress in a flowing
colloidal suspension is a superposition of these two quantities. The carry-over
of the nomenclature of the hydrodynamic stress from a noncolloidal system to
a colloidal one has produced contradictory expressions — while the hydrody-
namic stress equals the external-force induced stress in a noncolloidal system,
the hydrodynamic stress (stresses that are induced via hydrodynamic coupling)
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in general comprises the external-force induced stress, the Brownian stress and
the dissipative interparticle stress in a colloidal suspension. In other words, for
a colloidal suspension, the hydrodynamic stress should be defined as the sum of
the external-force induced stress, the Brownian stress and the dissipative inter-
particle stress [cf. Eqs. (2.6) and (2.7)], instead of just the external-force induced
stress.
Second, in prior approaches, e.g. Bergenholtz et al. [19], the trace of the
dissipative interparticle stresslets are combined with the Brownian stresslet (see
appendix A of that study). We choose not to combine these stresslets because,
as will be shown in Sec. 2.4, the trace of the dissipative interparticle stress must
reside in the interparticle stresslet if one wishes to recover the net negligible
contribution from the hard-sphere interparticle force to the suspension stress in
the limit of strong hydrodynamic interactions that is at the heart of the dogma
that lubrication forces replace hard-sphere forces at contact. Doing so reveals
the important role of interparticle forces, even in the pure-hydrodynamic limit.
We now derive the contributions to the total particle stress. In the dilute
limit, the average external-force induced, Brownian, and interparticle stresses
are obtained by integrating expressions (2.15)–(2.18) over all admissible pair
configurations:
〈Σ〉H,ext
nakTφb
= − 1
pi(1 + κ)
Pe
∫
r≥2
{[
XG11(κr)x
A
11(κr) + X
G
12(κr)x
A
12(κr)
] (
rˆrˆrˆ − 1
3
Irˆ
)
+
[
YG11(κr)y
A
11(κr) + Y
G
12(κr)y
A
12(κr)
]
(2Irˆ − 2rˆrˆrˆ)
−3
[
YH11(κr)y
B
11(κr) − YH12(κr)yB12(κr)
] (
2Irˆ − 2rˆrˆrˆ
)}
· Fˆextg(r)dr
+
1
3pi(1 + κ)
Pe
∫
r≥2
[
XP11(κr)x
A
11(κr) + X
P
12(κr)x
A
12(κr)
]
Irˆ · Fˆextg(r)dr,
(2.12)
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〈Σ〉B
nakTφb
=
1
2pi(1 + κ)
∫
r≥2
{
1
r2
d
dr
[
r2
(
XG11(κr) − XG12(κr)
)
G(κr)
]
−6
r
(
YG11(κr) − YG12(κr)
)
H(κr)
−18
r
(
YH11(κr) − YH12(κr)
) (
yB11(κr) − yB12(κr)
)} (
rˆrˆ − 1
3
I
)
g(r)dr
+
1
6pi(1 + κ)
∫
r≥2
{
1
r2
d
dr
[
r2
(
XP11(κr) − XP12(κr)
)
G(κr)
]}
Ig(r)dr,
(2.13)
〈Σ〉P
nakTφb
= −3
pi
∮
r=2
rˆrˆg(r)dΩ
− 2
pi(1 + κ)
[
XG11(2(1 + κ)) − XG12(2(1 + κ))
]
G(2(1 + κ))
×
∮
r=2
(
rˆrˆ − 1
3
I
)
g(r)dΩ
− 2
3pi(1 + κ)
[
XP11(2(1 + κ)) − XP12(2(1 + κ))
]
G(2(1 + κ))
∮
r=2
Ig(r)dΩ.
(2.14)
Here, the volume fraction of bath particles φb = 4pinba3/3, and Fˆext = Fext/F0 is
the unit vector pointing in the direction of the external probe force. In each of
the three equations, the last term represents the trace of the stresslet, associated
with an isotropic nonequilibrium pressure. All remaining terms are traceless,
except the elastic stress term −(3/pi) ∮ rˆrˆg(r)dΩ in Eq. (2.14). The isotropic and
traceless contributions are identified here because historically, the stress tensor
was computed as a traceless quantity with corresponding hydrodynamic func-
tions [80, 73]. However, more recent work explored the trace of stress tensor
in order to quantify the osmotic pressure and, in so doing, generated a dis-
tinct, corresponding set of hydrodynamic functions [74]. The components of
the hydrodynamic resistance and mobility functions Xαβ, Yαβ, xαβ, yαβ, G, and H
are defined following the conventional notations [13, 75, 80, 79, 73, 74]. They
depend only on the relative separation between a pair of particles, r, and the
dimensionless repulsion range, κ. Further detail can be found in Appendix A.
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〈Σxx〉
〈Σyy〉
〈Σzz〉
Figure 2.1: The osmotic pressure corresponds to the normal stress felt by
a fictitious container enclosing the particles, whereas Σ corre-
sponds to the stress felt by the particles as they encounter the
container while they move outward or inward.
We note that the integrals above are absolutely convergent, as their integrands
all scale as r−(3+γ), where γ > 0.
The particle-phase stress can be viewed analogously to the stress generated
by a molecular gas on an enclosing volume [154]. We recall that diffusion in
equilibrium suspensions is associated with an isotropic osmotic pressure. One
can view these thermal particle fluctuations in analogy to gas particles which
collide with “walls” of a fictitious container that encloses them, giving rise to
pressure. Colloidal particles also exert a pressure on fictitious walls — the os-
motic pressure. In an equilibrium suspension, the osmotic pressure reflects the
tendency of the particles to push outward on the walls of the fictitious container,
i.e., the particle phase and the container tend to expand. Thus, the sign of the os-
motic pressure, defined as the negative one-third of the trace of the stress tensor,
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Π = −tr(Σ)/3, corresponds to expansion outward of the particle phase for Π > 0,
and to contraction inward (condensation) of the particle phase when Π < 0. The
minus sign is present because, while the particles attempt to push outward on
a fictitious container, the container in turn tends to push inward on the particle
phase, as indicated in Fig. 2.1. As such, the normal components of the stress
tensor obey the following relationship:
〈Σxx〉, 〈Σyy〉, 〈Σzz〉

< 0, compressive stress (expanding particle phase)
> 0, tensile stress (contracting particle phase).
(2.15)
That is, osmotic pressure corresponds to the normal stress felt by the “box”,
whereas Σ corresponds to the stress felt by the particles as they encounter the
box while they move outward or inward. The normal stresses 〈Σxx〉, 〈Σyy〉 and
〈Σzz〉 are given by Eqs. (2.12)–(2.14). In single-particle active microrheology,
〈Σyy〉 = 〈Σxx〉 owing to the axisymmetry of the structure around the probe. The
normal stresses parallel and perpendicular to the direction of the probe forcing
are thus denoted from here forward as:
〈Σ‖〉 ≡ 〈Σzz〉, (2.16)
〈Σ⊥〉 ≡ 〈Σyy〉 = 〈Σxx〉. (2.17)
In the present study, we focus on the normal stresses; the non-Newtonian rhe-
ology revealed by the normal stress differences and nonequilibrium osmotic
pressure are left for Chapter 3.
2.4 Results
The suspension stress evolves with the strength of flow, Pe, and with the di-
mensionless repulsion range, κ. Both factors exert a pronounced influence on
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the evolving microstructure, which in turn impacts the stress. In the present
section, we present solutions of the Smoluchowski equation to obtain the par-
ticle configuration in Sec. 2.4.1, and then utilize the solutions to compute and
analyze the suspension stress in Sec. 2.4.2.
2.4.1 Evolving microstructure
The steady-state spatial evolution of the microstructure is governed by the
pair-Smoluchowski equation given by Eqs. (2.2)–(2.4). Here, we divide its solu-
tion into two parts: first, the asymptotic limits of weak and strong forcing, and
weak and strong hydrodynamic interactions; and second, for arbitrary strength
of forcing and strength of hydrodynamic interactions, via numerical solution.
Asymptotically weak and strong forcing and hydrodynamic interactions
To gain insight into the role played by flow strength and microscopic forces
in the evolving structure, we first examine their evolution in asymptotic limits.
For weak forcing, Pe  1, the microstructural disturbance created by the probe
is easily smoothed by the Brownian motion of the bath particles. Because the
disturbance is weak, a perturbation solution is appropriate. In the absence of
hydrodynamic interactions, Squires and Brady [124] performed a regular per-
turbation expansion in Pe to obtain the leading order structural disturbance as
f (r, θ) = PeFˆext · rˆ f1(r), where f1(r) = −4/r2. To obtain higher order disturbances,
Khair and Brady [78] and Zia and Brady [153] recognized the singular nature
of the problem in the cases of arbitrary strength of hydrodynamic interactions
and no hydrodynamics, respectively: at some distance ρ ∼ rPe from the probe,
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advection is as important as diffusion and cannot be neglected. The domain
is thus divided into two regions, and matched asymptotic expansions are uti-
lized to obtain a solution. Owing to its axisymmetric geometry surrounding the
probe, the microstructure is independent of the azimuthal angle ϕ. Khair and
Brady [78] performed a singular perturbation expansion to obtain the distortion
f (r, θ) in the inner region,
f (r, θ) = PeFˆext · rˆ f1(r) + Pe2[FˆextFˆext : rˆrˆ f2(r) + h2(r)] + O(Pe3), (2.18)
where h2(r), f1(r) and f2(r) are governed by a set of ordinary differential
equations, and give the radial dependence of the structure corresponding to
monopolar, dipolar and quadrupolar distortions, respectively. In the absence
of hydrodynamic interactions, κ → ∞, Zia and Brady [153] took a similar ap-
proach to derive the radial-dependent terms to O(Pe2). For hydrodynamically
interacting particles, these differential equations were first solved numerically
by Khair and Brady [78]. We recovered their results in the present study by car-
rying out the asymptotic expansion and developing a new numerical solution
as discussed in the next section.
In the opposite limit of strong probe forcing, Pe  1, advection dominates
the evolution of the microstructure. However, diffusion cannot be neglected en-
tirely, as it would result in the failure to satisfy the no-flux boundary condition.
Inspection of Eq. (2.2) suggests that close to the probe, diffusion is as important
as advection. The region upstream from the probe thus comprises two domains:
an outer region in which only advection matters, and an O(Pe−1)-thin boundary
layer at contact, where diffusion balances advection; a depletion wake trails the
probe. A re-scaling of the radial coordinate as y = Pe(r − 2) ∼ O(1) preserves dif-
fusion in the boundary-layer. The solution of these boundary-layer equations
reveals that the buildup of particles within the boundary layer depends on the
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strength of hydrodynamic interactions: g(r; κ) ∼ Peδ, where 0.799 ≤ δ ≤ 1 as hy-
drodynamic interactions between particles range from strong (κ → 0, δ = 0.799)
to negligible (κ → ∞, δ = 1). When hydrodynamic interactions are negligibly
weak, the distorted microstructural evolution, to leading order, was derived by
Squires and Brady [124] using a flux-balance argument,
f (r, θ) =

−Pe cos θ ePe(r−2) cos θ + O(1) , cos θ ≤ 0,
−1 , cos θ > 0.
(2.19)
Here, cos θ ≤ 0 is the region upstream from the probe, and cos θ > 0 is the region
trailing the probe. When hydrodynamic interactions are strong, the pair dis-
tribution function is found by a similarity solution inside the boundary layer.
Matching to the spherically symmetric outer solution, Batchelor [15] showed
that Brownian diffusion plays an important role in the shape of the microstruc-
ture even for very strong probe forcing; it is only at infinite Pe that diffusion
can be neglected entirely. In this dual limit of strong forcing and strong hydro-
dynamic interactions, the distorted microstructure in the boundary layer was
derived utilizing a matched asymptotic expansion, following Khair and Brady
[78],
f (r, θ) = f0Γ
(
H0
G1
) (
Pe
Y(θ)
)W0/G1
M
(
W0
G1
, 1,−Pe(r − 2)
Y(θ)
)
− 1 ≡ f˜ Peδ, (2.20)
modulo a negligible logarithmic correction. Here, f0 is a constant determined
by matching the inner and outer solutions, Γ is the gamma function, and M
is the first confluent hypergeometric function (Kummer’s function). The func-
tions G1 = 2, H0 = 0.402, and W0 = 1.598 are the leading order expansions of the
hydrodynamic mobility functions G(r), H(r), and W(r) = dG/dr + 2(G − H)/r, re-
spectively, at contact [13]. The variation of the polar-angle in the boundary-layer
thickness is set by Y(θ) = (2G1/H0)(sin θ)−2G1/H0
∫ pi
θ
(sin θ′)2G1/H0−1dθ′. For compact-
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ness, we have defined
f˜ ≡ f0Γ
(
H0
G1
)
Y(θ)−W0/G1M
(
W0
G1
, 1,−Pe(r − 2)
Y(θ)
)
− Pe−W0/G1 . (2.21)
This analysis of the influence of asymptotically weak and strong flow, and
asymptotically weak and strong hydrodynamic interactions illustrates that both
play a qualitative role in particle structure. Regardless of the strength of hy-
drodynamic interactions, the low-Pe structure is a diffusive dipole, the high-
Pe distorted structure is confined to a thin boundary layer, and the infinite-Pe
structure is spherically symmetric. Such structure leads to a Newtonian plateau
of the microviscosity in both low- and infinite-Pe limits [124, 78], whereas the
evolution from dipole to boundary layer to spherical symmetry leads to force-
thinning [124] and force-thickening [78]. Next we obtain the distorted mi-
crostructure as it evolves with flow, and elucidate how this evolution is influ-
enced by modulation of the particle interaction distance.
Arbitrary forcing and hydrodynamic interactions
To obtain the distortion in the evolving microstructure under arbitrary probe
forcing strength, and in the presence of arbitrary relative strengths of exter-
nal, Brownian and interparticle forces, we solve the Smoluchowski equation
(2.2) utilizing a finite-difference numerical method. A central-difference scheme
projects the governing equations onto two-dimensional grids with a uniform
angular distribution. As flow strength increases and a boundary layer forms
at contact, a grid-point concentration function increases the radial density of
grid points near contact to properly capture the physics throughout the entire
domain. For N angular and N radial grid points, an N × N system of linear
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Figure 2.2: (a) The distortion to the microstructure f (r) ≡ g(r) − 1 in the
symmetry plane of the probe particle as a function of the ex-
ternal forcing Pe and strength of hydrodynamic interactions
κ. The black region is the excluded-volume surrounding the
probe. Probe forcing increases from left to right, and the
strength of hydrodynamic interactions increases from top to
bottom, as labeled. Regions in red indicate particle accumu-
lation; blue regions indicate particle depletion. (b) Sketch of
excluded-annulus for the same range of κ.
equations is formed and solved utilizing MATLAB’s sparse direct solver. For
N ≥ 2000, the relative error of solutions is less than 10−8.
Contour plots of the distorted structure around the probe are shown in
Fig. 2.2(a). Flow strength increases from left to right, and the strength of hydro-
dynamic interactions increases from top to bottom; exact values are labeled in
the figure. In the leftmost column, when the microstructure is only slightly per-
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turbed by a weakly-forced probe, the disturbance is a diffusive dipole, owing to
the dominance of Brownian motion. In the low-Pe regime, hydrodynamic inter-
actions exert little apparent influence on particle arrangement, going from top to
bottom in the leftmost column. Moving from left to right across any row shows
that increasing flow strength leads to more pronounced microstructural asym-
metry. Regardless of the strength of hydrodynamic interactions, as Pe increases
and advection begins to dominate, bath particles accumulate on the upstream
face, accompanied by a depletion region behind the probe; a boundary-layer
and wake structure emerge at Pe ≈ 10. The qualitative effect of hydrodynamic
interactions on the shape of the distorted microstructure is easy to see as Pe
grows. For example, moving from top to bottom in the rightmost column, the
boundary layer grows more diffuse as hydrodynamic interactions slow the ap-
proach of bath particles to the probe. At the same time, the boundary layer re-
mains attached to the probe longer as the same lubrication forces prevent parti-
cles from separating downstream from the probe. As will be shown in Sec. 2.4.2,
this microstructural effect exerts a pronounced influence on the nonequilibrium
suspension rheology.
2.4.2 Suspension stress
The goal of the present section is to employ the solutions for the microstruc-
ture obtained in Sec. 2.4.1 to determine the macroscopic stress tensor and, in
particular, to examine the relative contributions of external, Brownian, and in-
terparticle forces on its evolution with flow. The primary focus is placed on
nonequilibrium behavior; to this end, we define the nonequilibrium stress,
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〈Σneq〉, as
〈Σ〉 = 〈Σ0〉 + 〈Σneq〉, (2.22)
where 〈Σ0〉 is the equilibrium suspension stress in the absence of external forc-
ing. The stress is a tensor with six independent elements in general. In mi-
crorheology, however, only the normal stresses are nonzero, owing to the ax-
isymmetric geometry of the structure around the probe. We begin with a de-
tailed analysis of the stresses acting parallel and perpendicular to the direction
of the external force, Σ‖ and Σ⊥, respectively.
The parallel and perpendicular normal stresses are obtained by projecting
the stress tensor as
〈Σ‖〉 = 〈Σ〉 : ezez, (2.23)
〈Σ⊥〉 = 〈Σ〉 : eyey, (2.24)
where ez and ey are the unit vectors in the direction parallel and perpendicular to
the external force respectively. The stress tensor 〈Σ〉 comprises external-force in-
duced, Brownian, and interparticle contributions as defined in Eq. (2.5). In turn,
the integral expressions for each of these contributions are given by Eqs. (2.12)–
(2.14). These forms are utilized throughout this section to compute the normal
stresses.
Parallel normal stress
Weak probe force, Pe  1
To compute the parallel normal stress under weak probe forcing, the asymp-
totic result for the distorted microstructure f (r) obtained in Sec. 2.4.1 is inserted
into expressions (2.12)–(2.14). The external-force induced, Brownian, and inter-
62
particle contributions to the nonequilibrium parallel normal stress can then be
written to leading order as
〈Σneq‖ 〉H,ext
nakTφb
= Pe2
∫ ∞
2
[
AH,ext(r) + BH,ext(r)
]
f1(r)r2dr + O(Pe4), (2.25)
〈Σneq‖ 〉B
nakTφb
= Pe2
∫ ∞
2
{
AB(r) f2(r) + BB(r) [ f2(r) + 3h2(r)]} r2dr + O(Pe4), (2.26)
〈Σneq‖ 〉P
nakTφb
= Pe2
{
AP f2(2) + BP[ f2(2) + 3h2(2)] + CP
[
f2(2) +
5
3
h2(2)
]}
+ O(Pe4),
(2.27)
where A’s and B’s are derived from the traceless and the isotropic part of the
stress tensor respectively, following from the historical development of traceless
and isotropic hydrodynamic functions (cf. Sec. 2.3.2). The term associated with
the constant CP corresponds to the elastic stress, na〈rFP〉. The detailed expres-
sions forA’s, B’s, and CP are given in Appendix C.
In the absence of hydrodynamic interactions, κ → ∞, the hydrodynamic
stress vanishes. Only the non-hydrodynamic elastic interparticle stress sur-
vives. The low-Pe asymptote can be written with its Pe2 coefficients as:
〈Σneq‖ 〉P
nakTφb
∼ −8
3
Pe2 for Pe  1, κ → ∞, (2.28)
recovering the result of Zia and Brady [154].
In the opposite limit of strong hydrodynamic interactions, the external-force
induced stress and the Brownian stress dominate, while the interparticle stress
vanishes. The low-Pe asymptotes with their Pe2 coefficients read:
〈Σneq‖ 〉H,ext
nakTφb
∼ −0.34Pe2, 〈Σ
neq
‖ 〉B
nakTφb
∼ −0.79Pe2 for Pe  1, κ → 0, (2.29)
which, when combined, grows as 1.1Pe2.
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Figure 2.3: Effect of hydrodynamic interactions on the parallel nonequilib-
rium normal stresses in the low-Pe regime. (a) Individual con-
tributions to total stress for Pe → 0, as a function of strength
of hydrodynamic interactions κ. External-force induced stress,
Eq. (2.25) (); Brownian stress, Eq. (2.26) (♦); interparticle
stress, Eq. (2.27) (4); total stress, sum of Eqs. (2.25)–(2.27) (©).
The asymptotic results for weak and strong hydrodynamic in-
teractions are 8/3 and 1.1, respectively. (b) Effect of weak ver-
sus strong hydrodynamic interactions in the low-Pe regime,
on the total parallel normal stress. Black dashed line: low-Pe
asymptote for weak hydrodynamic interactions, κ → ∞. Red
solid line: low-Pe asymptote for strong hydrodynamic interac-
tions, κ → 0.
Each of these contributions in Eqs. (2.25)–(2.27) is scaled by the ideal osmotic
pressure nakT and the volume fraction of bath particles φb, and is plotted in
Fig. 2.3(a) as a function of the strength of hydrodynamic interactions κ. Toward
the left end of the horizontal axis, κ → 0, hydrodynamic interactions are strong.
Here, the interparticle stress approaches zero because lubrication forces prevent
direct particle contact. In this low-Pe limit, Brownian motion is much stronger
than advection and, as a result, the disturbance flows that gives rise to the Brow-
nian stress are stronger than the weak advective flow due to probe motion. The
Brownian stress (diamond symbols) thus dominates, followed by the external-
force induced contribution (square symbols), and the interparticle contribution
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(triangle symbols). Each of them achieves its asymptotic value as described in
Eq. (2.29), and the total stress −〈Σneq‖ 〉/nakTφb asymptotes to 1.1 as Pe, κ → 0.
In the opposite limit of weak hydrodynamic interactions, the right end of the
horizontal axis, particles interact only when their surfaces contact. In this limit,
the no-flux surface extends far beyond the no-slip surface, and thus particles
are too far apart to interact hydrodynamically. The Brownian and external-force
induced stresses, which arise only when particles interact through the solvent,
thus become weak; they are identically zero when κ−1 ≡ 0. Interestingly, the total
suspension stress is higher in this limit, reaching its asymptotic value 8/3, recov-
ering Eq. (2.28). This can be understood by recalling the origin of the external-
force induced and interparticle stresses. As discussed in Sec. 2.3.2, the external-
force induced stress on the surface of hard particles arises under flow because
the particles cannot deform, and it acts over the no-slip particle surface. The
interparticle stress arises when particle overlaps are prevented; this entropic
force acts over the entire no-flux surface. As κ increases from zero, the no-flux
surface extends beyond the no-slip surface, leading to a growth in the effective
particle size (cf. Fig. 2.2b). As hydrodynamic interactions become weaker, this
growth in the effective size leads to a dramatic growth in entropic exclusion,
which permits more frequent particle collisions. The decrease in the external-
force induced stress is outweighed by the increase in the entropic stress, and so
the total stress is higher in a suspension where hydrodynamic interactions are
weak than when they are strong. This behavior can be seen in the plot in the
intermediate-κ regime where the interparticle (entropic) contribution outpaces
that due to external and Brownian forces.
The three contributions are combined to give the total nonequilibrium par-
allel normal stress, 〈Σneq‖ 〉, plotted in Fig. 2.3(b), as a function of the external forc-
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ing strength, Pe. Two asymptotes are shown corresponding to the limit of weak
(κ → ∞) and strong (κ → 0) hydrodynamic interactions. In the linear-response
regime, the parallel normal stress scales as Pe2 regardless of the strength of hy-
drodynamic interactions, but becomes quantitatively weaker as hydrodynamic
interactions grow stronger. The decrease in the stress is due to the shrinking
effective particle size which increases the available free volume. Equivalently,
it can be stated that hydrodynamics suppress the total parallel normal stress by
preventing particle collisions.
Strong probe force, Pe  1
The O(Peδ) buildup of pair density inside the high-Pe boundary layer
(Sec. 2.4.1) is accompanied by a relatively undisturbed upstream structure and
a trailing wake depleted of particles. The effect of this highly asymmetric struc-
ture on the suspension stress is studied by inserting the asymptotic results for
the microstructure, in the limits of strong and weak hydrodynamic interactions,
into Eqs. (2.12)–(2.14). Careful separation of these expressions into integrals
over the outer and inner regions is revealing. The outer region makes no ap-
preciable contribution to the nonequilibrium stress regardless of the strength of
hydrodynamic interactions. In particular, in the limit of strong hydrodynamic
interactions, all terms are identically zero owing to the spherical symmetry of
the outer microstructure, save one term that decays as 1/r7. In the pair limit,
the suspension stress is thus determined entirely by the dynamics of the bound-
ary layer. The high-Pe parallel normal stress can then be computed by inserting
the boundary-layer solution for the distorted microstructure f (r), Eqs. (2.19) and
(2.20), for the limits of weak and strong hydrodynamic interactions respectively,
into Eqs. (2.12)–(2.14), where the radial integration is now carried out over the
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stretched radial coordinate y.
In the absence of hydrodynamic interactions, only the elastic interparticle
stress matters,
〈Σneq‖ 〉P
nakTφb
= Pe
∫ pi
0
(−6)
(
cos2 θ sin θ
)
fˆ (0, θ)dθ + O(1)
∼ −3
2
Pe for Pe  1, κ → ∞,
(2.30)
where for compactness we have defined fˆ ≡ cos θ e−Pe(r−2) cos θ. In this dual limit
of strong forcing and weak hydrodynamic interactions, the suspension stress
scales linearly in the external force Pe, recovering the result of Zia and Brady
[154].
In the opposite limit of strong hydrodynamic interactions, external force,
Brownian motion, and interparticle forces all play a role. In particular, we expect
that the external-force induced stress dominates in this dual limit of Pe  1 and
κ → 0. In this limit, the hydrodynamic functions in Eqs. (2.12)–(2.14) take on
their lubrication-limit values, viz.
〈Σneq‖ 〉H,ext
nakTφb
= Peδ ln Pe
[∫ pi
0+
∫ ∞
0
(
cos3 θ sin θ − cos θ sin θ
)
f˜ (y, θ)dydθ
]
DH,ext
+Peδ
[∫ pi
0+
∫ ∞
0
(
cos3 θ sin θ − cos θ sin θ
)
f˜ (y, θ)dydθ
]
EH,ext
+Peδ
[∫ pi
0+
∫ ∞
0
(cos θ sin θ) f˜ (y, θ)dydθ
]
F H,ext + O(Peδ−1 ln Pe),
(2.31)
〈Σneq‖ 〉B
nakTφb
= Peδ−1 ln Pe
{[∫ pi
0+
∫ ∞
0
(
cos2 θ sin θ − 1
3
sin θ
)
f˜ (y, θ)dydθ
]
DB
+
[∫ pi
0
∫ ∞
0+
(sin θ) f˜ (y, θ)dydθ
]
F B
}
+ O(Peδ−1),
(2.32)
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〈Σneq‖ 〉P
nakTφb
= Peδ
{[∫ pi
0+
(
cos2 θ sin θ − 1
3
sin θ
)
f˜ (0, θ)dθ
]
DP
+
[∫ pi
0+
(sin θ) f˜ (0, θ)dθ
]
F P
+
[∫ pi
0+
(
cos2 θ sin θ
)
f˜ (0, θ)dθ
]
HP
}
+ O(Peδ−1 ln Pe),
(2.33)
where δ = 0.799. For compactness, we have introduced the coefficients D and
E associated with the traceless hydrodynamic functions, F with the isotropic
ones, and H for the elastic stresslet 〈rFP〉. The detailed expressions for the D’s,
E, F ’s and H are given in Appendix C. Again, as in the previous section for
weak probe force, and Sec. 2.3.2, the separation into traceless and isotropic terms
arises from a separate historical development of traceless and isotropic hydro-
dynamic functions [80, 79, 73, 74].
We pause to inspect Eqs. (2.31)–(2.33) for convergence behavior, noting that
O(1) angular diffusion (small compared to O(Pe) radial diffusion, and radial and
angular advection) was neglected in simplifying the boundary layer equation to
obtain the analytical microstructural solution, f˜ [Eqs. (2.20)–(2.21)], as originally
shown by Khair and Brady [78]. Angular advection and diffusion act to close
the wake formed by the detaching boundary layer. The diffusive contribution is
most important in a small region θ < , where /pi  1, and thus its neglect near
θ = 0 produces divergent behavior. To avoid this behavior yet faithfully account
for downstream physics, a value of  is selected to meet two criteria: first,  must
be sufficiently large to avoid the divergent region at and very near θ = 0. Sec-
ond,  must be sufficiently small to avoid enclosing a significant portion of the
detaching boundary layer structure, where f = O(Peδ), i.e. to primarily enclose
the low-particle density wake [ f = O(1)]. A value of  = 0.1pi was selected to
meet both criteria. Further reduction of this value showed negligible improve-
ment in accuracy of the computation.
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Before discussing the scaling in Pe of the above (boundary layer) expres-
sions, we emphasize that these expressions are valid only for finite (and large)
Pe, where there is formation of a boundary layer around the probe due to the
finite diffusion arising from residual Brownian motion. The behavior in the sin-
gular pure-hydrodynamic limit, Pe−1 ≡ 0 and κ = 0, where there is no contribu-
tion from Brownian (or interparticle) forces and thus no boundary-layer forma-
tion, requires special treatment. We recall from Sec. 2.4.1 that the microstructure
around the probe is spherically symmetric when Pe−1 ≡ 0 and κ = 0. In this
pure-hydrodynamic limit, inserting the microstructure into the only contribu-
tion from the external-force induced stress, Eq. (2.12), we can readily see that
the integrals vanish, i.e. a net zero normal stress, recovering the Newtonian re-
sponse in the limit Pe−1 ≡ 0 and κ = 0. Any stochastic force, e.g. interparticle
repulsion or Brownian motion, breaks the spherically symmetric microstruc-
ture, resulting in a finite normal stress. For instance, when κ , 0, one will still
obtain a finite normal stress even when Pe−1 ≡ 0. In the following, we utilize the
asymptotic expressions, Eqs. (2.31)–(2.33), to predict the behavior when Pe  1
and κ → 0.
Let us inspect the scaling in Pe of each of these expressions, beginning with
the Brownian stress, Eq. (2.32). All terms in this expression scale as Pe−0.201 ln Pe.
While all terms in the interparticle stress, Eq. (2.33), also have identical scalings,
here they scale as Pe0.799. The external-force induced stress, Eq. (2.31), exhibits
different scalings in Pe for each of its terms: the first term (deriving from the
traceless portion of the stress) scales as Pe0.799 ln Pe, which arises from transverse
relative motion between particles; whereas the second (also from traceless) and
the third (isotropic) term both scale as Pe0.799, which arise from longitudinal
relative motion. From these two scalings, one may expect that the first term
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dominates the scaling. However, a careful examination of Eq. (2.31) reveals that
the associated hydrodynamic coupling, DH,ext, is negligibly weak in the present
strong forcing limit, as shown in Eq. (B.9). Physically, the stress generated from
the relative rotational motion and that from relative transverse translational mo-
tion of particles cancel each other precisely. As a result, the weak hydrodynamic
coupling, DH,ext, yields a negligible contribution from the O(Pe0.799 ln Pe) term,
and the external-force induced stress is dominated by the second and the third
O(Pe0.799) terms [whose hydrodynamic couplings, DH,ext and F H,ext, are O(1)].
These scalings can be summarized as follows:
〈Σneq‖ 〉H,ext ∼ Pe0.799 for Pe  1, κ → 0, (2.34)
〈Σneq‖ 〉B ∼ Pe−0.201 ln Pe for Pe  1, κ → 0, (2.35)
〈Σneq‖ 〉P ∼ Pe0.799 for Pe  1, κ → 0. (2.36)
The three contributions are combined to give the total nonequilibrium paral-
lel normal stress, 〈Σneq‖ 〉, plotted in Fig. 2.4 as a function of the external force Pe.
As seen by the two high-Pe asymptotes for κ → ∞ and κ → 0, the influence of the
flow strength, Pe, on the stress changes qualitatively with the strength of hydro-
dynamic interactions. For weak hydrodynamic interactions, κ → ∞, where only
the elastic interparticle stress matters, the parallel normal stress scales linearly in
Pe, recovering the result of Zia and Brady [154], and Eq. (2.30). In contrast, when
hydrodynamic interactions are strong, κ → 0, the behavior is set by lubrication
interactions inside the boundary layer and, in consequence, the external-force
induced stress [Eq. (2.31)] dominates the behavior. In particular, as discussed
above, the O(Pe0.799) terms dominate. The scaling reflects both the indirect and
direct effect of hydrodynamics [14]. The indirect effect is the influence on struc-
ture, which reduces the scaling in Pe from unity to Pe0.799; hydrodynamics also
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Figure 2.4: Asymptotic behavior of the parallel nonequilibrium normal
stresses. Black dashed line: low- [Eq. (2.27)] and high-Pe
[Eq. (2.30)] asymptote for weak hydrodynamic interactions,
κ → ∞. Red solid line: low- and high-Pe asymptote for strong
hydrodynamic interactions, κ → 0 [sum of Eqs. (2.25)–(2.27),
and sum of Eqs. (2.31)–(2.33), respectively].
exert a direct influence via the hydrodynamic coupling (resistance and mobility
functions), whose strength is O(1). The overall effect is suppressive, giving rise
to a parallel normal stress that is sublinear in Pe.
In summary, in the asymptotic limits of weak and strong external force
(Pe  1 and Pe  1) and hydrodynamic interactions (κ → ∞ and κ → 0),
the stress response mirrors an evolving interplay between external, Brownian
and interparticle forces. Strengthening the entropic force signifies a growth in
the effective particle size. This leads to a reduction in the accessible free volume,
thereby increasing the parallel normal stress — quantitatively at small Pe and
qualitatively at high Pe. Equivalently stated, the stress is suppressed by hydro-
dynamic interactions. The natural next step is to investigate the transition of
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Figure 2.5: Parallel nonequilibrium normal stresses 〈Σneq‖ 〉 scaled advec-
tively by external probe forcing Pe, ideal osmotic pressure nakT
and volume fraction of bath particles φb, as a function of Pe for
four different values of κ ranging from strong to weak hydro-
dynamic interactions: (a) κ = 10−5, (b) κ = 10−2, (c) κ = 10−1, and
(d) κ = 1. Each plot shows the external-force induced stress, Eq.
(2.12) (), Brownian stress, Eq. (2.13) (♦), interparticle stress,
Eq. (2.14) (4), and the total stress (©). The interparticle contri-
bution comprises two parts: dashed lines represent the elastic
stresslet 〈rFP〉; dotted lines represent the dissipative stresslet
〈RSU ·UP+RSΩ ·ΩP〉. The insets illustrate the parallel nonequilib-
rium normal stress 〈Σneq‖ 〉 scaled diffusively by nakTφb. Dashed
lines of corresponding colors are used for clarity.
this relationship by studying the evolution of stress under arbitrary strength of
external force and hydrodynamic interactions.
Arbitrary strength of probe force and hydrodynamic interactions
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We now turn our attention to the evolution of the total parallel nonequilib-
rium normal stress, 〈Σneq‖ 〉, as probe force increases from weak to strong, with
a focus on the underlying external-force induced, Brownian and interparticle
contributions. Figure 2.5 shows these contributions as a function of the exter-
nal probe forcing Pe for four different strengths of hydrodynamic interactions
κ, going from strong (a) to weak (d). In the main plot of each panel (a)–(d),
the stress is re-scaled advectively, 〈Σneq‖ 〉/Pe nakTφb, and plotted over six decades
of Pe. The total stress (circles) comprises the external-force induced (squares),
Brownian (diamonds), and interparticle (triangles) contributions. There are two
components of the interparticle stress, deriving from the elastic 〈rFP〉 and dissi-
pative parts 〈RSU ·UP+RSΩ ·ΩP〉, shown by dashed and dotted lines respectively.
The Brownian stress, the elastic interparticle stress, and the external-force in-
duced stress are all negative where, as noted in Sec. 2.3.2, this corresponds to a
stress on the particle phase that acts to drive a pair apart (along the z-direction).
In contrast, the dissipative interparticle stress is positive, corresponding to a
stress on the particle phase that acts to drive a pair together (along the z-
direction). This macroscopic picture can be understood at the micro-mechanical
level by considering a pair interacting along the trajectory of a bath particle
moving past the probe, which we now illustrate.
We consider a reference frame of a stationary probe particle, whereby a bath
particle is advected toward it, along an upstream trajectory at a distance U from
the stagnation streamline (line of the external force) as shown in Fig. 2.6. In
the pure-hydrodynamic limit, where there is no Brownian motion or particle
roughness, i.e., Pe−1 ≡ 0 and κ = 0, the trajectories are symmetric upstream and
downstream of the probe, owing to the reversibility of Stokes flow. At finite
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yz
θU
θD
U
D
Figure 2.6: Illustration of the relative trajectory of a bath particle (grey)
moving past a probe particle (red). Fore-aft symmetry is bro-
ken by e.g. particle roughness or Brownian forces.
Pe and/or finite κ, the interaction forces between the particles will displace the
bath particle radially outward from its Stokes-flow trajectory (dashed lines). As
the bath particle moves past the probe, its new trajectory is a distance D > U
from the stagnation streamline. The region of this encounter is confined to the
boundary layer – both upstream and where it detaches into the trailing wake
downstream. The duration of the encounter (at a given radial separation) spans
an angle θU > θD in the upstream and downstream regions, respectively. The
duration of an encounter is set by the strength of the hydrodynamic coupling
along the full trajectory and is a function of the radial separation between two
particles. Let us examine how the hydrodynamic coupling – its strength and
duration – sets the signs of the stress.
Stresslets are induced by relative motion between particles. The hydrody-
namic functions couple particle motion along and transverse to the line of cen-
ters connecting the pair [cf. Eqs. (2.12)–(2.14)]. As discussed in the previous
section for the high-Pe stress [cf. Eq. (2.31)], the longitudinal motion produces
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a stresslet that scales as O(1)EH,ext (computation of the average brings an addi-
tional Pe0.799 with the microstructure). In contrast, the transverse motion pro-
duces a stresslet that scales as O(ln Pe)DH,ext (computation of the average brings
an additional Pe0.799). As noted above,DH,ext → 0 for Pe  1 and thus the longi-
tudinal contribution dominates when Brownian motion is weak, for both Σ‖ and
Σ⊥. Thus, relative trajectories are dominated by the longitudinal components of
〈Σ‖〉H,ext.
Let us now consider the evolution of the external-force induced stress,
〈Σneq‖ 〉H,ext as a bath particle resolves an encounter with (passes) the probe. Its
relative motion produces a disturbance flow that gives rise to a stresslet on the
probe surface with an orientation downstream that is the mirror image of that
produced during the upstream portion of the trajectory. The projection of the
stresslet that acts parallel to the external force, S ext,H‖ , is negative upstream, act-
ing to drive particles apart, but is positive downstream, acting to pull particles
together. But we recall from the trajectory analysis that the radial separation
between particles is evolving: a bath particle departs with an angle θD smaller
than the angle of incidence θU , when κ , 0. That is, while a bath particle can
approach the probe along any upstream trajectory to generate a negative stress,
the bath particle cannot travel to a downstream location with the same radial
separation. Instead, its departing trajectory is deflected to one with a larger ra-
dial separation, generating a weaker (positive) stress. As a result, in resolving
an encounter, the negative stress generated by a particle upstream is stronger
than the positive stress generated downstream, yielding an averaged negative
stress acting to drive particles apart.
Next, let us look at the Brownian stress, 〈Σneq‖ 〉B. Brownian motion conveys
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particles to regions of higher mobility; that is, to regions of lower particle con-
centration. As illustrated in Fig. 2.6, the Brownian stress thus acts to separate
two particles, whether a bath particle is in the upstream or the downstream re-
gion of the probe. As a result, the Brownian stress is always negative, signifying
its tendency to drive particles apart.
Interestingly, the effect of interparticle force is twofold, contributing to both
negative elastic stress and positive dissipative stress. The elastic interparticle
stress arises from entropic exclusion of particle overlap (direct collisions). A
hard probe will experience a repulsive force when colliding with a bath parti-
cle, driving them apart regardless of the angular position (both upstream and
downstream) at which the collision occurs. This gives rise to a negative elastic
stress. Upon collision, the interparticle force induces an interparticle velocity,
UP = MUF · FP, describing the separating motion of two particles. However, the
separating particles are coupled hydrodynamically. The departing motion of
one particle entrains the other, inducing a dissipative stress, hindering particle
separation. That is, dissipative stress has the opposite effect of the elastic stress
— its acts to pull particles together.
The stress shown in the main plots in Fig. 2.5 can be viewed in terms of its
strength relative to the “advective stress”, (naF0a/2)φb,
〈Σneq‖ 〉
Pe nakTφb
=
〈Σneq‖ 〉
(naF0a/2)φb
, (2.37)
which, in the strong-forcing limit, is Pe-large. In the absence of hydrodynamic
interactions, the normal stress 〈Σneq‖ 〉 is O(Pe) as well, and thus when scaled on
Pe, reaches a plateau (Fig. 2.5d). But when hydrodynamic interactions are im-
portant (Fig. 2.5a), 〈Σneq‖ 〉/Pe nakTφb decreases monotonically toward zero, as Pe
increases. It vanishes entirely only in the noncolloidal limit Pe−1 ≡ 0 when
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the structure is spherically symmetric. It is the external-force induced stress,
〈Σneq‖ 〉H,ext, that drives this behavior, again illustrating that hydrodynamic inter-
actions suppress the growth of the stress. As a result, the external-force induced
stress scaled advectively by Pe decays as Pe−0.201 as Pe grows larger. This is
more than a simple consequence of re-scaling. Rather, it reveals a deeper con-
nection between particle motion and suspension stress, which can be viewed
through the lens of the time scale of particle motion.
The Pe´cet number is a ratio of time scales, diffusive to advective: Pe =
τdi f f /τadv, where τdi f f = a2/Da and τadv = a/U. In the large-Pe limit, the time
required for the probe to advect its size is much shorter than the time required
for it to diffuse the same distance: Pe = τdi f f /τadv  1. Insertion of this definition
of Pe into 〈Σneq‖ 〉/Pe nakTφb gives:
〈Σneq‖ 〉
Pe nakTφb
=
〈Σneq‖ 〉
nakTφb
(
τadv
τdi f f
)
. (2.38)
The quantity 〈Σneq‖ 〉/nakT (insets) represents a diffusive scaling of the stress; it
is made dimensionless on the ideal osmotic pressure nakT , which arises from
Brownian motion. The diffusive scaling of the stress thus reveals how distor-
tions to the microstructure by probe motion give rise to stress as viewed on the
Brownian time scale. As Pe grows, the distance that the probe can move in one
such Brownian time also grows, and thus the number of encounters with other
particles — interactions which produce stress — grows dramatically on the dif-
fusive time scale. Hence the stress becomes very large compared with the ideal
(Brownian) osmotic pressure, as shown by the continuous high-Pe growth la-
beled in each inset. Regardless of the strength of hydrodynamic interactions, the
total stress grows without bound on the diffusive time scale (insets). However,
when scaled advectively (main plots), the stress saturates to a plateau value
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in the absence of hydrodynamic interactions and vanishes entirely in the pure-
hydrodynamic (noncolloidal) limit. The latter result is somewhat surprising,
and can be understood as follows.
Suspension stress is generated by encounters between particles and, as
shown by Zia and Brady [154], is a balance between entropic storage and vis-
cous dissipation of the energy of probe motion. In the high-Pe limit, the stress
is dominated by encounters within the boundary layer at contact. The strength,
frequency, and duration of such encounters determine the magnitude of the
stress. The strength is ∼ kT as set simply by entropic exclusion: a pair of parti-
cles cannot pass through one another and thus must pass by each other. The fre-
quency of encounters is set by how fast a particle can advect into contact and by
particle size. It is during the encounter that probe energy is both stored and dis-
sipated, because collisions distort microstructural configuration and thus give
rise to entropic energy storage [155]. They also dissipate energy as a pair of
particles must advect and diffuse through the boundary layer to pass, giving
rise to both solvent and microstructural drag. In the absence of hydrodynam-
ics, the fluid between particles is freely draining and thus the frequency of en-
counters scales as Pe. The duration of interactions is set by the bare diffusivity
of the probe, Da = kT/6piηah. A re-scaling of the stress on the advective time
scales out the frequency of collisions, leading to the plateau behavior observed
in Fig. 2.5(d).
Hydrodynamic coupling slows the advection of particles into the boundary
layer, hinders their diffusion through it, and slows their separation. As hy-
drodynamic interactions begin to play a role, the frequency of interactions is
hindered and, in the limit κ → 0, reduced to O(Pe0.799). The key difference in the
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Figure 2.7: (a) Parallel nonequilibrium normal stresses 〈Σneq‖ 〉 scaled diffu-
sively by ideal osmotic pressure nakT and volume fraction of
bath particles φb, as a function of external probe forcing Pe for
various strength of hydrodynamic interactions κ. (b) Parallel
nonequilibrium normal stresses 〈Σneq‖ 〉 scaled advectively by Pe,
nakT and φb, as a function of Pe for various κ.
stress when hydrodynamic interactions are present arises due to the duration of such
encounters. Probe energy is expended throughout this viscous interaction. In
the high-Pe limit, one diffusive time is much longer than one advective time.
Thus, if one waits one diffusive time, particles have a long time to “resolve”
collisions, and eventually pass by one another. One advective time however, is
just a tiny fraction of a diffusive time and, over such short times, the particles
cannot resolve a collision. Differently stated, they spend all the time trying to
diffuse past one another in a very viscous interaction of long duration. If all the
energy is dissipated, it cannot be stored [68]. As Pe increases, the duration and
dissipation of such encounters increases. Thus, the nonequilibrium advectively-
scaled parallel normal stress decays continuously as Pe increases, and vanishes
entirely in the noncolloidal limit Pe−1 ≡ 0.
We now turn our focus to the interparticle contribution (triangles), which
comprises the elastic stress, na〈rFP〉 (dashed lines), and the dissipative stress,
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na〈RSU · UP + RSΩ ·ΩP〉 (dotted lines). As seen in Figs. 2.5(a)–(d) in the figure,
these two interparticle contributions act against one another and, when com-
bined, play a role that depends on the strength of hydrodynamic interactions. In
the limit of strong hydrodynamic interactions (a), the interparticle stress makes
no contribution for the entire range of Pe. This zero interparticle stress is typi-
cally explained by the dogma that asserts that lubrication forces prevent particle
contact, and thus the (hard-sphere) interparticle force plays no dynamic role in
the evolution of particle configuration, thereby generating no stress [20, 23]. But
as seen in Fig. 2.5(a), this interpretation can be refined — the interparticle force
does play a role in stress generation, as reflected by the nonzero contributions
of the underlying elastic interparticle and dissipative interparticle stresses. In-
deed, as explained earlier in our trajectory analysis, these two contributions
correspond to stresses that drive particles apart and together, respectively. In
the plot, these two contributions are equal in magnitude, but opposite in sign.
The idea that the interparticle stress is zero in this limit is simply a consequence
of their precise cancellation. In other words, the interparticle force does play
a role in stress generation even in the limit of strong hydrodynamic interac-
tions. Ultimately, one should expect a hard-sphere interparticle force to play
a role in the evolution of all rheological quantities: Hoh and Zia [68] recently
found that a hard-sphere interparticle force still influences the fluctuating field
of particles and gives rise to longitudinal force-induced diffusion even in the
pure-hydrodynamic limit with smooth particles.
The interparticle stress eventually becomes appreciable when the excluded
annulus grows, e.g. for particles with surface asperities, as shown in Fig. 2.5(b)
for κ = 10−2. As discussed above, the interparticle velocity is reduced by the
dissipative interparticle stresslet but, as κ grows, the reduction becomes weaker
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and so does the dissipative interparticle stress. Surprisingly, this is accompanied
by a weak increase in the external-force induced stress. This arises because a
small increase in the excluded-annulus creates a region of higher relative mobil-
ity near contact or, equivalently, a weaker lubrication force near contact. While
the strength of lubrication interactions is weaker, more particles are allowed into
the boundary layer to exert stress on the probe, driving a (weak) increase in the
external-force induced stress.
In Fig. 2.5(c), where κ = 10−1, the interparticle stress overtakes that due to
external force. The growth in the effective particle size drives up the stress due
to entropic exclusion. The larger excluded annulus also weakens the strength of
hydrodynamic interactions; the external-force induced stress becomes weaker
than the interparticle stress over the full range of Pe. However, the total nor-
mal stress increases in magnitude, because the increased entropic exclusion out-
weighs the weakening external-force induced stress.
When the interparticle repulsion range reaches κ = 1 in Fig. 2.5(d), the in-
terparticle force dominates the total stress. The Brownian stress is nearly zero
for all Pe, and the external-force induced stress is several orders of magnitude
weaker over all Pe. Notably, the dissipative part of the interparticle stress, which
is hydrodynamic in origin, is negligibly small and, in the present case of weak
hydrodynamic interactions, the interparticle stress derives primarily from elas-
tic collisions, na〈rFP〉. In the high-Pe limit, the total stress reaches a plateau, in
contrast to the decay exhibited in Figs. 2.5(a)–(c). A practical implication is that
non-Newtonian behaviors persist in a non-hydrodynamically interacting sus-
pension for measurements taken on the advective time scale, that is, the moving
frame of the probe; while they decay with increasing probe forcing when hy-
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drodynamic interactions are present, and vanish in the noncolloidal limit where
Brownian motion is absent.
The evolution of the total parallel normal stress is summarized in Fig. 2.7:
in frame (a), at low Pe, the numerical results agree with the weak- and strong-
hydrodynamic interactions asymptotes. In this limit, the influence of hydro-
dynamic interactions on the parallel normal stress is quantitative: the stress
decreases with increasing strength of hydrodynamic interactions, but the Pe2
scaling is unchanged. The stress increases monotonically when probe forcing
increases; when probe forcing becomes strong, the effect of hydrodynamic inter-
actions on the parallel normal stress is qualitative: the stress increases linearly
in Pe when hydrodynamic interactions are weak, κ → ∞. As hydrodynamic
interactions get stronger, i.e. shortening the repulsion range κ via shrinking
of effective particle size, the external-force induced stress dominates, and the
growth is suppressed. Notably, in the limit of strong hydrodynamic interac-
tions (κ → 0), the stress at Pe = 103 scales as Peζ‖ , where ζ‖ ≈ 0.830, meaning that
the actual high-Pe scaling, Pe0.799, can be achieved only for Pe > 103. That is,
the influence of Brownian motion on non-Newtonian rheology and structural
asymmetry persists even when Brownian motion becomes very weak. Thus
the approach to the infinite-Pe asymptote is quite slow. The same data, scaled
advectively, are plotted in Fig. 2.7(b), where the effect of hydrodynamic interac-
tions on the total stress at high Pe is evident.
In summary, the Pe-dependence of the parallel normal stress (and that of
the external-force induced, Brownian, and interparticle contributions) is always
quadratic when the external force is weak. When the forcing is strong, stress
generation is governed by dynamics of the boundary layer, which give rise to
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κ-dependent scalings: Pe and Pe0.799 for the limits of weak and strong hydrody-
namic interactions, respectively. The origins of stress generation by underlying
microscopic forces are identified, where the force-induced, Brownian and the
elastic interparticle stress are responsible to drive particles apart, whereas the
dissipative interparticle stress pulls particles together. In the limit of strong hy-
drodynamic interactions, we showed that a hard-sphere interparticle force does
play a role in stress generation. The observation that the interparticle stress is
zero in this limit is a consequence of the exact cancellation between the elastic
and dissipative interparticle stresses. Regardless of the strength of hydrody-
namic interactions, the relative contribution of the Brownian stress shrinks as
advection grows stronger. Enhancing the range of entropic repulsion, equiv-
alently reducing the strength of hydrodynamic coupling, shortens the dura-
tion of particle encounter, but increases frequency of collisions while leading
to a growth in the parallel normal stress for any strength of probe forcing.
Re-scaling the normal stress advectively shows that it persists only in non-
hydrodynamically interacting suspensions. The presence of hydrodynamic in-
teractions leads to attenuation in the non-Newtonian response, and a suspen-
sion becomes Newtonian in the noncolloidal limit.
Perpendicular normal stress
Weak probe force, Pe  1
We begin the investigation of the perpendicular normal stress by studying
the limit of weak external forcing. The asymptotic result for the distorted mi-
crostructure f (r) given by Eq. (2.18) is inserted into expressions (2.12)–(2.14).
The external-force induced, Brownian, and interparticle contributions to the
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nonequilibrium perpendicular normal stress thus become, to leading order,
〈Σneq⊥ 〉H,ext
nakTφb
= Pe2
∫ ∞
2
[
−1
2
AH,ext(r) + BH,ext(r)
]
f1(r)r2dr + O(Pe4), (2.39)
〈Σneq⊥ 〉B
nakTφb
= Pe2
∫ ∞
2
{
−1
2
AB(r) f2(r) + BB(r) [ f2(r) + 3h2(r)]} r2dr + O(Pe4), (2.40)
〈Σneq⊥ 〉P
nakTφb
= Pe2
{
−1
2
AP f2(2) + BP[ f2(2) + 3h2(2)] + GP [ f2(2) + 5h2(2)]} + O(Pe4),
(2.41)
where AH,ext, BH,ext, AB, BB, AP, BP and GP are compact expressions for the hy-
drodynamic functions and are given in Appendix C. As was the case for the
parallel normal stress, the A’s and B’s are derived from the traceless and the
isotropic part of the stress tensor respectively, following from the historical de-
velopment of traceless and isotropic hydrodynamic functions (Sec. 2.3.2). The
constant GP corresponds to the elastic stress.
In the absence of hydrodynamic interactions, κ → ∞, the hydrodynamic
stress vanishes and only the non-hydrodynamic elastic interparticle stress sur-
vives. The low-Pe asymptote can be written with its Pe2 coefficients as:
〈Σneq⊥ 〉P
nakTφb
∼ −8
3
Pe2 for Pe  1, κ → ∞, (2.42)
where we note that its scaling in Pe is identical to that of the parallel normal
stress, and it recovers the result of Zia and Brady [154].
In the opposite limit of strong hydrodynamic interactions, the interparti-
cle stress vanishes because lubrication interactions prevent particle contact.
The external-force induced stress and Brownian stress dominate. The low-Pe
asymptotes with their Pe2 coefficients read:
〈Σneq⊥ 〉H,ext
nakTφb
∼ −0.062Pe2, 〈Σ
neq
⊥ 〉B
nakTφb
∼ −0.94Pe2 for Pe  1, κ → 0, (2.43)
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Figure 2.8: Effect of hydrodynamic interactions on the perpendicular
nonequilibrium normal stresses in the low-Pe regime. (a) In-
dividual contributions to total stress for Pe → 0, as a function
of strength of hydrodynamic interactions κ. External-force in-
duced stress, Eq. (2.41) (); Brownian stress, Eq. (2.42) (♦); in-
terparticle stress, Eq. (2.43) (4); total stress, sum of Eqs. (2.39)–
(2.41) (©). The asymptotic results for weak and strong hydro-
dynamic interactions are 8/3 and 1.0, respectively. (b) Effect of
weak versus strong hydrodynamic interactions in the low-Pe
regime, on the total perpendicular normal stress. Black dashed
line: low-Pe asymptote for weak hydrodynamic interactions,
κ → ∞. Red solid line: low-Pe asymptote for strong hydrody-
namic interactions, κ → 0.
which, when combined, grows as 1.0Pe2.
The contributions to the low-Pe stress given by Eqs. (2.39)–(2.41) are plot-
ted in Fig. 2.8(a) as a function of the strength of hydrodynamic interactions κ.
The evolution of these contributions with hydrodynamic interactions is qual-
itatively the same as that found for the parallel normal stress (cf. Fig. 2.3a):
the interparticle stress is most prominent when hydrodynamic interactions are
weak (κ → ∞), recovering the asymptotic value 8/3 as described in Eq. (2.42),
whereas it is negligible when hydrodynamic interactions are strong (κ → 0). In
this limit of strong Brownian motion and strong hydrodynamic interactions, the
Brownian stress plays the dominant role. As seen for the parallel normal stress,
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since advection is weak, the external-force induced stress is weaker than the
Brownian stress. The total stress achieves its asymptotic value 1.0 [Eq. (2.43)].
All contributions are combined into the total nonequilibrium perpendicular
normal stress, 〈Σneq⊥ 〉, plotted in Fig. 2.8(b) as a function of small values of Pe.
Comparison to Fig. 2.3(b) reveals two key similarities between the perpendicu-
lar and parallel normal stresses. First, both scale as Pe2 regardless of the strength
of hydrodynamic interactions. Second, reducing the entropic repulsion range,
i.e. strengthening hydrodynamic interactions, leads to decrease in the normal
stress. Hence, the suppressive role of hydrodynamic interactions in both nor-
mal stresses is quantitative when forcing is weak.
Strong probe force, Pe  1
In the opposite limit of strong external probe forcing, the perpendicular nor-
mal stress is computed by inserting the boundary-layer solution for the dis-
torted microstructure f (r), Eqs. (2.19) and (2.21) for the limits of weak and strong
hydrodynamic interactions respectively, into Eqs. (2.12)–(2.14). In the absence
of hydrodynamic interactions, only interparticle forces matter. The high-Pe
asymptote of the perpendicular normal stresses reads,
〈Σneq⊥ 〉P
nakTφb
= Pe
∫ pi
0
(−3)
(
sin3 θ
)
fˆ (0, θ)dθ + O(1) ∼ −3
4
Pe for Pe  1, κ → ∞,
(2.44)
which scales linearly in Pe, the same scaling as the parallel normal stress in this
limit, and recovers the result of Zia and Brady [154].
In the opposite limit of strong hydrodynamic interactions, the hydrody-
namic functions in Eqs. (2.12)–(2.14) take on their lubrication forms. Carrying
out integration over the stretched radial coordinate y, the high-Pe asymptotes of
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the perpendicular normal stress read,
〈Σneq⊥ 〉H,ext
nakTφb
= Peδ ln Pe
[
−
∫ pi
0
∫ ∞
0
(
cos3 θ sin θ − cos θ sin θ
)
f˜ (y, θ)dydθ
] DH,ext
2
+Peδ
[
−
∫ pi
0
∫ ∞
0
(
cos3 θ sin θ − cos θ sin θ
)
f˜ (y, θ)dydθ
] EH,ext
2
+Peδ
[∫ pi
0
∫ ∞
0
(cos θ sin θ) f˜ (y, θ)dydθ
]
F H,ext + O(Peδ−1 ln Pe),
(2.45)
〈Σneq⊥ 〉B
nakTφb
= Peδ−1 ln Pe
{[
−
∫ pi
0
∫ ∞
0
(
cos2 θ sin θ − 1
3
sin θ
)
f˜ (y, θ)dydθ
] DB
2
+
[∫ pi
0
∫ ∞
0
(sin θ) f˜ (y, θ)dydθ
]
F B
}
+ O(Peδ−1),
(2.46)
〈Σneq⊥ 〉P
nakTφb
= Peδ
{[
−
∫ pi
0
(
cos2 θ sin θ − 1
3
sin θ
)
f˜ (0, θ)dθ
] DP
2
+
[∫ pi
0
(sin θ) f˜ (0, θ)dθ
]
F P
+
[∫ pi
0
(
sin3 θ
)
f˜ (0, θ)dθ
]
IP
}
+ O(Peδ−1 ln Pe),
(2.47)
where δ = 0.799. Here, DH,ext, EH,ext, F H,ext, DB, F B, DP, F P and IP are compact
expressions for the hydrodynamic functions and are given in Appendix C. Fol-
lowing the same nomenclature used for the parallel normal stress, the D’s and
E are associated with the traceless hydrodynamic functions, F ’s are with the
isotropic ones, and IP corresponds to the elastic stress. Again, the separation
into traceless and isotropic terms arises from a separate historical development
of traceless and isotropic hydrodynamic functions [80, 79, 73, 74].
As was the case for the parallel normal stress, the above asymptotes derived
from boundary-layer analysis are valid only when Pe is finite. To examine the
behavior in the singular pure-hydrodynamic limit, Pe−1 ≡ 0 and κ = 0, where
contributions from Brownian and interparticle forces are absent and there is no
formation of a boundary layer, one can take a different approach by inserting the
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spherically symmetric microstructure into the only contribution, the external-
force induced stress, Eq. (2.12). This results in a zero perpendicular stress, recov-
ering the Newtonian response in this special limit. Any residual Brownian or
interparticle forces, represented by finite Pe or κ respectively, break the spherical
symmetry of the microstructure, giving rise to non-Newtonian behavior. In the
following, we utilize the above asymptotes to study the behavior when Pe  1
and κ → 0.
Let us inspect the scaling in Pe of each of the asymptotes, beginning with the
Brownian stress, Eq. (2.46). As was the case for the parallel normal stress, all
terms in the Brownian stress scale as Pe−0.201 ln Pe. All terms in the interparticle
stress, Eq. (2.47), also have identical scalings in Pe, ∼ Pe0.799. The stress arising
from the external-force induced motion, Eq. (2.45), exhibits different scalings in
Pe for each of its terms: the first term (deriving from the traceless portion of
the stress) scales as Pe0.799 ln Pe, whereas the second (also from traceless) and the
third (isotropic) term scales as Pe0.799. As noted in the discussion for the paral-
lel normal stress, the dominance of the hydrodynamic stress is not determined
solely by the Pe scaling, but also by the coefficient governing the strength of
hydrodynamic coupling. Since the hydrodynamic coupling coefficient, DH,ext,
approaches zero in the present strong forcing limit, the O(Pe0.799 ln Pe) term is
negligibly weak. The external-force induced stress is thus dominated by the
O(Pe0.799) terms. These scalings can be summarized as follows:
〈Σneq⊥ 〉H,ext ∼ Pe0.799 for Pe  1, κ → 0, (2.48)
〈Σneq⊥ 〉B ∼ Pe−0.201 ln Pe for Pe  1, κ → 0, (2.49)
〈Σneq⊥ 〉P ∼ Pe0.799 for Pe  1, κ → 0, (2.50)
which are identical to the parallel counterparts (cf. Eqs. (2.34)–(2.36)). As before
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Figure 2.9: Asymptotic behavior of the perpendicular nonequilibrium nor-
mal stresses. Black dashed line: low- [Eq. (2.41)] and high-
Pe [Eq. (2.44)] asymptote for weak hydrodynamic interactions,
κ → ∞. Red solid line: low- and high-Pe asymptote for strong
hydrodynamic interactions, κ → 0 [sum of Eqs. (2.39)–(2.41)
and sum of Eqs. (2.45)–(2.47), respectively].
for the parallel stress, when hydrodynamic interactions are strong, κ → 0, lubri-
cation interactions inside the boundary layer sets the high-Pe stress, and thus,
the external-force induced stress, Eq. (2.48), dominates the behavior.
The three contributions are combined to give the total nonequilibrium per-
pendicular normal stress, 〈Σneq⊥ 〉, plotted in Fig. 2.9 as a function of the exter-
nal forcing strength Pe. As was the case for the parallel normal stress, the two
asymptotes for κ → ∞ and κ → 0 demonstrate that the influence of flow strength
on the high-Pe stress changes qualitatively with the strength of hydrodynamic
interactions. When hydrodynamic interactions are negligibly weak, κ → ∞,
the high-Pe perpendicular stress grows linearly in Pe, recovering the result of
Zia and Brady [154], and the predicted scaling from Eq. (2.44). In the opposite
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limit when hydrodynamic interactions are strong, κ → 0, we again observe an
indirect and a direct influence of hydrodynamic interactions, reflected by the re-
duced Pe-exponent and the introduction of an O(1) hydrodynamic coupling, re-
spectively. The combined influence is a weakening effect, yielding a suppressed
perpendicular stress in the presence of hydrodynamic interactions.
In summary, the asymptotic results that we presented for the limits of weak
and strong forcing (Pe  1 and Pe  1) and hydrodynamic interactions (κ → ∞
and κ → 0) demonstrate an evolving interplay between external, Brownian and
interparticle forces. Increasing the entropic repulsion range leads to a larger ef-
fective particle size and thus weaker hydrodynamic interactions. As was the
case for the parallel normal stress, as hydrodynamic interactions weaken the
perpendicular normal stress grows, quantitatively at low Pe and qualitatively
at high Pe. That is, when forcing is weak, the scaling of the perpendicular stress
is Pe2 in both asymptotic limits of weak and strong hydrodynamics, whereas
when forcing is strong the scaling of the stress changes from Pe0.799 to Pe from
the limit of strong to weak hydrodynamics. To understand the transition of this
relationship, in the next section we will examine the evolution of stress under
arbitrary strength of external force and hydrodynamic interactions.
Arbitrary strength of probe force and hydrodynamic interactions
To examine the detailed evolution of the perpendicular normal stress for
arbitrary external probe forcing Pe and arbitrary strength of hydrodynamic in-
teractions κ, the total nonequilibrium perpendicular normal stress 〈Σneq⊥ 〉/nakTφb
is plotted in Fig. 2.10(a) as a function of Pe, for several values of κ. At low Pe,
the numerical results show an excellent agreement with the asymptotic theory
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Figure 2.10: (a) Perpendicular nonequilibrium normal stresses 〈Σneq⊥ 〉
scaled by ideal osmotic pressure nakT and volume fraction of
bath particles φb, as a function of external probe forcing Pe for
various strength of hydrodynamic interactions κ. (b) Perpen-
dicular nonequilibrium normal stresses 〈Σneq⊥ 〉/nakTφb in the
high-Pe regime. Black dashed line: high-Pe asymptote for
weak hydrodynamic interactions, κ → ∞ [Eq. (2.44)], which
scales as Pe. Red solid line: high-Pe asymptote for strong hy-
drodynamic interactions, κ → 0 [sum of Eqs. (2.45)–(2.47)],
which scales as Peδ with δ = 0.799. Symbols: numerical re-
sults, which grow as Peζ⊥ with ζ⊥ = 0.648 (blue solid line) for
Pe = 103.
in the limits of strong and weak hydrodynamic interactions. The numerical re-
sults demonstrate that this Pe2 scaling is preserved for all κ, that is, regardless of
the strength of hydrodynamic interactions. As probe forcing strength increases,
the perpendicular normal stress increases monotonically with Pe. When forcing
is strong, the perpendicular stress grows linearly in Pe for weak hydrodynamic
interactions, but sublinearly as hydrodynamic interactions grow stronger un-
til, when κ → 0, 〈Σneq⊥ 〉 ∼ Pe0.799. We note that the predicted scaling, Pe0.799,
is not achieved even at Pe = 103. Instead, it scales as Peζ⊥ , where ζ⊥ ≈ 0.648
(Fig. 2.10b). To understand this behavior, let us take a closer look at the high-Pe
perpendicular stress.
Similar to the discussion in the previous section, the high-Pe perpendicular
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Figure 2.11: External-force induced perpendicular normal stress
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stress is dominated by its external-force induced contribution [Eq. (2.45)]. The
external-force induced stress comprises an isotropic and a traceless component,
both scaled as Pe0.799 as Pe → ∞ [as we discussed, the O(Peδ ln Pe) term is negli-
gible due to the weak hydrodynamic couplingDH,ext]. For finite but strong flow,
Pe = 103, these two components compete: the negative isotropic term scaled as
Pe0.675, and the positive traceless term scaled as Pe0.651. In Fig. 2.11, these two
terms are plotted along with the total perpendicular stress, where the traceless
term has been multiplied by −1 to make it visible on the log-log plot. From the
plot, the oppositely-signed isotropic and the traceless terms are comparable in
magnitude, although the former is larger. Thus the sum is a negative perpen-
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Figure 2.12: Perpendicular nonequilibrium normal stresses 〈Σneq⊥ 〉 scaled
advectively by external probe forcing Pe, ideal osmotic pres-
sure nakT and volume fraction of bath particles φb, as a func-
tion of Pe for four different values of κ ranging from strong to
weak hydrodynamics: (a) κ = 10−5, (b) κ = 10−2, (c) κ = 10−1,
and (d) κ = 1. Each plot shows the external-force induced
stress, Eq. (2.12) (), Brownian stress, Eq. (2.13) (♦), inter-
particle stress, Eq. (2.14) (4), and the total stress (©). The
interparticle contribution comprises two parts: dashed lines
represent the elastic stresslet 〈rFP〉; dotted lines represent the
dissipative stresslet 〈RSU ·UP + RSΩ ·ΩP〉. The insets illustrate
the perpendicular nonequilibrium normal stress 〈Σneq⊥ 〉 scaled
diffusively by nakTφb. Dashed lines of corresponding colors
are used for clarity.
dicular stress growing as Pe0.648. We expect that, following the dominance of the
isotropic term, the total perpendicular stress will stay negative on approaching
the limit Pe  1, recovering the predicted Pe0.799 scaling in the high-Pe limit.
Let us now examine the individual contributions to the total stress. The
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external-force induced, Brownian and interparticle contributions to the to-
tal nonequilibrium perpendicular normal stress 〈Σneq⊥ 〉/PenakTφb are shown in
Fig. 2.12 as a function of Pe for four different strengths of hydrodynamic inter-
actions κ, ranging from strong (a) to weak (d). As was the case for the parallel
normal stress, the external-force induced stress, the Brownian stress, and the
elastic interparticle stress are all negative for the entire range of Pe regardless of
κ, corresponding to a stress on the particle-phase that tends to drive them apart
(along the y-direction), whereas the positive dissipative interparticle stress rep-
resents a stress that tends to drive particles together (along the y-direction).
In the limit of strong hydrodynamic interactions (Fig. 2.12a), the elastic and
dissipative components of the interparticle contribution combine to give neg-
ligible interparticle stress, signifying that particles cannot touch. Akin to its
parallel counterpart (cf. Fig. 2.5a), one can see an overlap of data points in the
low-Pe regime owing to the small contributions from all three external, Brown-
ian and interparticle forces. As the probe forcing strength increases, the impor-
tance of the Brownian contribution diminishes, with the external-force induced
stress overtaking its dominance. Once again, all the advectively-scaled stress
components, including the dominant external-force induced contribution, de-
crease with increasing Pe in the high-Pe regime. Hydrodynamic interactions
suppress the stress, and it no longer scales linearly in Pe. The stress now grows
as Pe0.799, which results in a decay in 〈Σneq⊥ 〉 when scaled by Pe. Despite these
similarities, there is a quantitative difference between the two normal stresses.
The external-force induced perpendicular normal stress is in general smaller
than the parallel counterpart for the entire range of Pe. This is a consequence of
the fact that the traceless and isotropic parts of the external-force induced stress
are of the opposite sign, which is true regardless of Pe and κ.
94
The interparticle stress starts to play a role as the dimensionless repulsion
range, κ, increases to 10−2, i.e. as hydrodynamic interactions become weaker.
While the external-force induced stress is still enhanced slightly when κ in-
creases from 10−5 to 10−2, its significance in the perpendicular normal stress is
curtailed compared to that in the parallel normal stress (cf. Fig. 2.5b), again due
to the weakening of its oppositely-signed traceless and isotropic components.
Even for Pe as high as 103, the external-force induced stress is still comparable
to the interparticle stress.
In Fig. 2.12(c), when κ increases to 10−1, the total normal stress increases since
the enhanced entropic exclusion exceeds the weakening of the external-force in-
duced and Brownian stresses. The interparticle contribution dominates both
near and away from equilibrium. As hydrodynamic interactions get weaker,
κ = 1 in Fig. 2.12(d), particles are sufficiently separated by the excluded-annulus
that hydrodynamic interactions are not important: terms that are hydrody-
namic in origin, including the external-force induced stress, Brownian stress,
and the dissipative interparticle stress, are negligible. Owing to the ability of
particles to make contact, the interparticle stress arising from elastic collisions
dominates the total stress. As was the case for the parallel stress, the high-Pe
plateau suggests that a constant stress response can be measured only in non-
hydrodynamically interacting suspensions, in contrast to the decay shown in
Figs. 2.12(a)–(c). It mirrors the negligible suppression from hydrodynamic cou-
pling, and thus the perpendicular stress still scales linearly in Pe.
In summary, entropic repulsion (strength of hydrodynamic interactions)
plays a central role in the evolution of structure and thus of rheology. A stronger
entropic repulsion (longer repulsion range) results in weaker hydrodynamic
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coupling, and thus a weaker perpendicular normal stress. Equivalently stated,
the suppressive role of hydrodynamic interactions is confirmed by the reduc-
tion in the stress with increasing strength of hydrodynamic interactions, for the
entire range of probe forcing Pe. Several key qualitative features of the perpen-
dicular normal stress are found to be same as the parallel counterpart. In the
asymptotic limit of weak probe forcing, the two normal stresses share the same
quadratic dependence on Pe regardless of the strength of hydrodynamic interac-
tions; while in the opposite limit of strong probe forcing, they have the same Pe
and Pe0.799 scalings in the limits of weak and strong hydrodynamic interactions
respectively, where the Pe0.799 scaling can be attained only for Pe  103. Upon
scaling the perpendicular stress advectively, the evolution of the underlying
external-force induced, Brownian and interparticle contributions were shown
to be qualitatively the same as those of the parallel stress. The only contribution
tending to pull particles together is the dissipative interparticle stress, whereas
the other contributions are all negative, signifying stresses that tend to drive
particles apart. Akin to the parallel stress, a high-Pe plateau was demonstrated
only in the case of weak hydrodynamic interactions, indicating that a constant
stress response can be measured only in non-hydrodynamically interacting sus-
pensions.
2.4.3 Suspension stress and energy storage
Stress can be viewed as the energy density of a suspension [154, 155]. In
this section, we expand on this idea utilizing the stress response from Sec. 2.4.2,
demonstrating the entropic nature of energy storage as well as the subtle con-
nection between nonequilibrium stress, fluctuation and dissipation.
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Figure 2.13: Effect of interparticle repulsion on Stokes-flow relative trajec-
tories of probe and bath particle. The probe (grey shaded cir-
cle) is forced from left to right. Two dotted-line circles are
shown, the smaller corresponds to the excluded-volume size
of the probe, and the larger defines the minimum approach
distance. The solid grey circle represents the hydrodynamic
radius. The solid lines in each panel represent bath particle
trajectories. (a) Long-range repulsion (weak hydrodynamic
interactions); trajectories are not deflected by hydrodynamic
interactions. As repulsion range κ decreases in figures (b), (c),
and (d), some bath-particle trajectories are deflected around
the probe by hydrodynamic interactions. From [68].
Let us consider the parallel stress as an example. Referring to Fig. 2.7(a),
〈Σneq‖ 〉/nakTφb gives the energy density in the microstructure along the direction
of the probe forcing relative to the thermal energy (density) nakT . The figure
offers insights into energy storage in the parallel microstructure if we scale out
the probe number density:
〈Σneq‖ 〉
nakT
=
〈S neq‖ 〉
kT
, (2.51)
where S neq‖ is the component of the nonequilibrium stresslet parallel to the di-
rection of the external force, and the right-hand side of Eq. (2.51) gives a ratio
of the energy stored in a suspension due to probe motion relative to the thermal
energy. Let us view Fig. 2.7(a) from the perspective of energy storage. First, let
us consider a given flow strength, Pe, but varying repulsion range (strength of
hydrodynamic interactions), κ.
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The total stress, or energy density, decreases as κ decreases, regardless of
flow strength, suggesting that the strength of hydrodynamic interactions influ-
ences the degree to which the energy of probe motion can be stored entropically
in the deformed microstructure. This is consistent with the idea that nonequi-
librium stress requires structural asymmetry; the hydrodynamic interactions
that deflect pair collisions do so more effectively as hydrodynamic coupling
grows stronger, i.e. as the interparticle repulsion range κ decreases. Following
the example of Hoh and Zia [68], this idea is illustrated pictorially in Fig. 2.13
where, for simplicity, Pe−1 ≡ 0 and κ is varied from large to small. The structure
around the probe becomes increasingly fore-aft symmetric as strengthening hy-
drodynamic interactions shield the probe from collisions. Conversely, enhanc-
ing entropic repulsion (growing effective particle size) breaks fore-aft structural
symmetry, increasing structural distortion and in turn, entropic energy storage.
Eventually when κ ≡ 0, the structure becomes spherically symmetric, recovering
Batchelor’s solution and Newtonian rheology [15]. When Pe is finite, Brownian
motion plays the same role as particle roughness, destroying structural symme-
try. As Pe grows large, the role played by Brownian motion is confined to the
thin boundary layer, obtaining pronounced structural asymmetry and entropic
energy storage, i.e. stress grows as Pe increases.
2.5 Conclusions
We have conducted a theoretical study of the suspension stress in a hydro-
dynamically interacting dispersion of hard colloidal spheres via the active mi-
crorheology framework, and elucidated the dependence of the nonequilibrium
stress on flow strength and on the range of interparticle repulsion (strength of
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hydrodynamics). The behavior was studied analytically in the asymptotic limits
of weak and strong external force Pe and hydrodynamic interactions κ, and nu-
merically for arbitrary Pe and κ. We found that entropic forces enhance suspen-
sion stress throughout the entire range of probe forcing: for weakly nonlinear
departures from equilibrium, where Brownian diffusion dominates, entropic re-
pulsion enhances stresses quantitatively and both normal stresses scale as Pe2,
regardless of the strength of hydrodynamic interactions. As the strength of the
probe forcing increases, the degree of fore-aft structural asymmetry is amplified
and, at the same time, the normal stress grows — consistent with the idea that
structural asymmetry, not just distortion, is necessary to produce nonequilib-
rium stress. Indeed, when external forcing is strong and structural asymmetry
most pronounced, the enhancement of stress by entropic repulsion is a quali-
tative effect where, at a given value of flow strength, the normal stress scales
as Peδ, with 1 ≥ δ ≥ 0.799 as κ varies from large to small when Pe  1; that
is, as entropic forces become dominant and hydrodynamic interactions become
weak, the growth in stress demonstrates a qualitatively different dependence on
the flow strength, Pe. To connect this behavior to microscopic-scale forces, we
systematically adjusted hydrodynamic interactions to be strong or weak com-
pared to Brownian motion, and to be strong or weak compared to effects of
particle roughness. Doing so revealed that the elastic contribution nb〈rF〉 that
dominates the stress when hydrodynamic interactions are weak is not replaced
by the external-force induced hydrodynamic stress — in contrast to the view
that lubrication interactions simply replace the hard-sphere force. Rather, hy-
drodynamic coupling between particles gives rise to a dissipative interparticle
stress of hydrodynamic origin that is opposite in sign and grows in magnitude
as κ shrinks, until it precisely cancels the elastic stress. The most interesting
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discovery in this regard was that the inelastic part of the interparticle stress is
the only contribution that, when considered over a complete trajectory, tends
to resist particle separation. This may play a more important role in rheology
than currently recognized, e.g. the phenomenon of shear-thickening. We next
focused our efforts on understanding how, micromechanically, each of these ef-
fects alters the stress.
Utilizing a trajectory analysis, we showed exactly how hydrodynamic inter-
action or, equivalently, the range of interparticle repulsion, alters the stress. We
found that a combination of particle-collision frequency and interaction dura-
tion, along with the degree to which a stresslet tends to bind a pair together
or drive them apart, determines the extent of microstructural asymmetry. In
the absence of hydrodynamic interactions, the suspension drains freely and the
stress is set solely by O(Pe)-frequent hard-sphere collisions. In the opposite limit
of no interparticle repulsion, particles are strongly coupled hydrodynamically
and the frequency of interactions is reduced to O(Pe0.799). Further, a pair remains
coupled on the downstream side of the probe, producing a more symmetric
microstructure. Eventually in the limit of smooth particles and no Brownian
motion, the structure becomes spherically symmetric and the nonequilibrium
stress vanishes entirely.
An important outcome of focusing on interparticle repulsion and entropic
forces is that it allowed us to form a connection between nonequilibrium stress
and entropic energy storage. Again, appealing to our pair-trajectory analysis,
we pointed out that entropic forces permit collisions and promote the depar-
ture of a bath particle involved in a pair encounter, enhancing destruction of
Stokes-flow symmetry and, in turn, entropic energy storage. Conversely, hy-
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drodynamic interactions prevent energy storage by shielding particles from col-
lisions and suppress energy storage by coupling particles for a longer duration,
muting structural distortion and, in consequence the entropic energy storage.
Phenomenologically, a suspension in which hydrodynamic interactions, which
are dissipative, play a relatively stronger role, viscously dissipate energy which
would otherwise be entropically stored.
Finally, while the focus of the present work was placed on the normal
stresses themselves, the normal stress differences and osmotic pressure are two
quantities of central importance in the study of the rheology of complex fluids.
These are explored in the next chapter.
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CHAPTER 3
THE NON-NEWTONIAN RHEOLOGY OF HYDRODYNAMICALLY
INTERACTING COLLOIDS VIA ACTIVE, NONLINEAR
MICRORHEOLOGY
3.1 Introduction
The non-Newtonian rheology of colloidal dispersions and other complex flu-
ids is set by the asymmetry of the arrangement of the constituent particles in
the embedding medium. In dilute suspensions of smooth noncolloids, struc-
tural symmetry under strong flow is preserved by the reversibility of relative
Stokes-flow trajectories, giving Newtonian rheology. In the opposite limit of
an equilibrium suspension of colloids, Brownian motion acts, on average, to
preserve symmetry, thus preserving Newtonian rheology. Between these two
limits, a rich non-Newtonian rheology emerges in tandem with the develop-
ment of an asymmetric microstructure, as Brownian motion destroys the sym-
metry of Stokes-flow trajectories. The presence of other entropic forces such
as those introduced by surface asperities gives rise to similar non-Newtonian
phenomenology. Many previous studies have demonstrated that the strength
of Brownian and hydrodynamic forces evolves with flow strength, producing
well-known and familiar behaviors, such as flow thinning, flow thickening and
normal stress differences. Detailed study of the connection between the evolv-
ing balance of microscopic forces and the formation of asymmetric microstruc-
ture has been carried out in focused flow regimes in prior work; a more compre-
hensive study aimed toward understanding the role played by entropic forces
is the focus of the present work.
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Experimental study of flow-induced non-Newtonian rheology of suspen-
sions of noncolloidal spherical particles dates back to the work of Bagnold [7],
in which he reported the appearance of normal stresses during shear flow. He
hypothesized the presence of a particle microstructure, and that shear-flow in-
duced changes in its shape were the origin of non-Newtonian rheology. Follow-
ing this pioneering work, several studies convincingly inferred the presence of
a shear-induced structure in concentrated noncolloidal suspensions [52, 53]. Di-
rect visualization of the distorted structure soon followed in a systematic study
of the pair distribution function of the suspended particles by Gadala-Maria
and co-workers [72, 111] who, via video imaging, revealed an accumulation
of particle pairs along the compressional axes and depletion in the extensional
quadrants. In a landmark study of shear-induced migration under structural
gradients, Leighton and Acrivos [90] attributed the origin of such structural
asymmetry to three-body and higher-order interactions influenced by particle
roughness. Numerous subsequent investigations were conducted for suspen-
sions of a wider range of concentration [149, 122, 21], and also in suspensions
comprising particles with controlled roughness [116], all confirming that struc-
tural asymmetry is necessary to produce non-Newtonian rheology. However,
the influence of flow strength and entropic forces on the suspension stress had
not been fully explored experimentally owing to two primary challenges: first,
the dominance of Brownian noise under (weak) flow makes measurement of
weak non-Brownian signals difficult in the low-Pe regime. Second, to interro-
gate entropic effects, the thermodynamic sizes of particles are required, but such
measurement can be challenging. During the same timeframe, development of
the nonequilibrium statistical mechanics theory for dilute colloidal dispersions
provided guiding insight.
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In a series of seminal papers [11, 16, 14], Batchelor confirmed that microstruc-
tural asymmetry, not just distortion, is necessary to generate non-Newtonian
rheology and, in so doing, paved the path on which the pair-level origin of
much non-Newtonian rheology was discovered. He developed the nonequi-
librium Smoluchowski framework that governs the evolution of a flowing mi-
crostructure under the influence of thermodynamic and hydrodynamic forces,
along with expressions for the average suspension stress in dilute colloidal
dispersions undergoing flow, and examined them specifically in the pure-
hydrodynamic limit under strong flow, Pe−1 = 0. Here, the Pe´clet number, Pe, is
a measure of the strength of advection, which distorts the suspension, relative to
the strength of diffusion that acts to recover the equilibrium microstructure. In
the pair limit, the microstructure is fore-aft symmetric and, utilized as a weight-
ing function to compute the average suspension stress, reveals that symmetric
structure induces no non-Newtonian behavior. Batchelor predicted, however,
that the presence of (even weak) Brownian motion or particle roughness would
destroy reversible Stokes’ flow trajectories and lead to non-Newtonian rheology.
Brady and Vicic [27] validated Batchelor’s hypothesis in a study of a weakly
sheared suspension in the presence of strong Brownian motion, showing that
an asymmetric structure arises from O(Pe2) flow disturbance, and indeed pro-
duces nonzero normal stress differences and a nonequilibrium osmotic pres-
sure. These studies focused, however, only on the limit of strong hydrodynam-
ics. The significance of and the interplay between entropic and hydrodynamic
forces in the nonequilibrium stress, as well as the evolution of the stress with
flow strength, remained unexplored.
The influence of hydrodynamic interactions on nonequilibrium rheology
was later studied by Brady and Morris [26], who employed an excluded-
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annulus model [118] to study a strongly-sheared suspension in the limits of
asymptotically strong and weak hydrodynamics. Their results revealed that
both normal stress differences decrease as hydrodynamic interactions become
weak, for two limits: Pe  1 and Pe  1. In a subsequent work, Bergen-
holtz et al. [19] investigated the evolution of the suspension stress with arbi-
trary flow strength by solving the Smoluchowski equation numerically for a
range of strengths of hydrodynamic interactions. They recovered the high-Pe
behavior of the normal stress differences found by Brady and Morris, and fur-
ther demonstrated that, in the presence of hydrodynamic interactions, the first
normal stress difference changes sign from positive to negative, in contrast to
the positive first normal stress difference shown for the entire range of flow
strength in the absence of hydrodynamics, thus revealing their complex evolu-
tion with flow strength. To understand the influence of individual microscopic
forces, they computed the hydrodynamic, Brownian and interparticle contri-
butions to the total normal stress differences, and asserted that the interparti-
cle force makes no contribution in the limit of strong hydrodynamics, consis-
tent with the dogma that lubrication interactions prevent particle contact in this
limit. However, Chu and Zia [34] extracted the normal stresses from the data of
Bergenholtz et al., and discovered that the interparticle normal stresses are not
zero even in the limit of strong hydrodynamics. The idea that the interparticle
force makes no contribution is unphysical, and was an artifact of the authors’
choice to move part of the trace of the interparticle stress to the Brownian stress.
This ad hoc grouping of stress contributions smears out the roles played by the
Brownian and the interparticle forces, obscuring the sought-after connection of
hydrodynamic interactions and other microscopic forces to strength of suspen-
sion stress.
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In an effort to elucidate the dependence of the nonequilibrium stress on the
range of interparticle repulsion and on flow strength, Chu and Zia undertook
the study of the suspension stress in a dilute colloidal dispersion of hydrody-
namically interacting spheres, utilizing the framework of active microrheology
rather than traditional shear macrorheology, to leverage the connections be-
tween the Stokes-Einstein relation, single-particle motion, and fluctuation dis-
sipation [154, 34]. Seeking a detailed understanding of the role played by inter-
particle forces in the evolution of the suspension stress, Chu and Zia examined
the evolution of the normal stresses with the range of interparticle repulsion
(equivalently, the strength of hydrodynamic interactions) and strength of exter-
nal probe forcing (equivalently, flow strength), finding that the nonequilibrium
stress grows with increasing flow strength at fixed interparticle repulsion range,
whether a suspension is at or far from equilibrium. They connected this evolu-
tion of the rheological behavior to the trajectories of particle pairs. This was
utilized to understand the mechanisms by which hydrodynamic and entropic
forces generate stress, and to relate the nonequilibrium stress to entropic energy
storage. The next step carried out here, is to examine the normal stress differ-
ences and osmotic pressure.
In a prior study, Zia and Brady [154] inspected the normal stress differences
and the osmotic pressure for suspensions of nonhydrodynamically interacting
colloids. They found that the second normal stress difference is identically zero
due to the axisymmetry of the perturbed microstructure around the probe, and
the evolution of the first normal stress difference and the osmotic pressure de-
pends on the strength of the external force: Π ∼ Pe2 and N1 ∼ Pe4 under
weak forcing, and N1 ∼ Pe and Π ∼ Pe under strong forcing. These results
were obtained via three approaches: a traditional micromechanical framework
106
that requires the statistics of particle distribution as described above; Brown-
ian dynamics simulations; and a new phenomenological theory describing the
nonequilibrium fluctuation and dissipation that produces stress, a nonequilib-
rium Stokes-Einstein relation. But without an understanding of the role played
by hydrodynamic interactions, which are important in many physical systems,
a comprehensive understanding of how evolution of such forces with flow
strength changes non-Newtonian rheology was still unknown. In a separate
work, Yurkovetsky and Morris [147] utilized Stokesian Dynamics simulations to
study the nonequilibrium particle pressure in a sheared concentrated Brownian
suspension, showing the expected exchange of the dominance of the Brownian
force for the hydrodynamic force when a suspension is driven from equilibrium.
However, the Stokesian Dynamics framework that they employed only consid-
ered suspensions interacting with strong hydrodynamic interactions, leaving
unexplored the effect of interparticle force on osmotic pressure. Overall, prior
studies have left open the question of how radial interparticle forces and hy-
drodynamic interactions evolve in tandem to influence the normal stress differ-
ences and osmotic pressure. In Chapter 2, we conducted a theoretical study of
the particle phase stress in a colloidal dispersion, and studied the dependence of
the nonequilibrium normal stresses on flow strength and on arbitrary strengths
of hydrodynamic interactions [34]. The richness of the discussion of the individ-
ual stress elements was sufficient to warrant separate treatment of the normal
stress differences and osmotic pressure, which is presented here.
In the present work, we utilize the framework of active microrheology to
study the influence of the relative strengths of entropic and hydrodynamic
forces on normal stress differences and the osmotic pressure. This mathematical
model is applicable to dilute, unbound colloidal suspensions in the Stokes’ flow
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regime, for arbitrary strength of flow and hydrodynamic interactions. Careful
interpretation of the thermodynamic stresses and their evolving influence on
the microstructure provides new insight into a sign change in the normal stress
differences. While it was shown in our previous work that entropic forces en-
hance suspension stress for the entire range of flow strength, we examine if this
behavior is preserved in the normal stress differences or the nonequilibrium
pressure.
The remainder of this chapter is organized as follows: in Sec. 3.2, we begin
with a brief review of the physical model for the evolution of the structure. In
Sec. 3.3, we recapitulate the expressions for the total average material stress and
its contributions from the external, Brownian and interparticle forces derived in
Sec. 2.3, with which we use to compute normal stress difference and osmotic
pressure in this chapter. Results are presented in Sec. 3.4, starting with anal-
ysis of the asymptotic behaviors of the normal stress differences and osmotic
pressure in the limits of weak and strong probe forcing, and weak and strong
hydrodynamic interactions. Next, the same quantities are computed numeri-
cally for the full range of strength of hydrodynamic interactions and forcing. To
gain insight into the evolution of the total normal stress differences and osmotic
pressure, their underlying external, Brownian and interparticle contributions
are investigated. The study is concluded in Sec. 3.5 with a summary.
3.2 Model system
We recapitulate the microrheology framework presented in Sec. 1.3.2. We
consider a suspension of neutrally buoyant, colloidal hard spheres of hydrody-
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namic radius a, dispersed in an incompressible Newtonian solvent of dynamic
viscosity η and density ρ. A fixed external force, Fext, drives one of the par-
ticles, the “probe”, through the suspension. The strength of fluid inertia rela-
tive to viscous forces defines a Reynolds number, Re = ρUa/η, where U is the
characteristic velocity of the probe. For micron-sized particles, Re is much less
than unity, allowing neglect of inertial forces; fluid motion is thus governed
by Stokes’ equations. The probe number density, na, is much smaller than the
number density of bath particles, nb. Probe motion deforms the microstructure
while Brownian motion of the bath particles acts to recover their equilibrium
configuration. The degree of microstructural deformation, and its influence of
probe motion, is thus set by the strength of the probe forcing, F0, relative to
the Brownian restoring force, 2kT/ath, where k is Boltzmann’s constant, T is the
absolute temperature and ath is the thermodynamic size of particles, defining a
Pe´clet number: Pe = F0/(2kT/ath).
Particles can interact via various forces, e.g., hydrodynamic, Brownian, and
interparticle forces. Here we employ an excluded-annulus model [118] to ac-
count for short- and long-range nature of these interactions. The strength of
hydrodynamic interactions is determined by how closely two particles can ap-
proach one another, characterized by a dimensionless interparticle repulsion
range κ via the ratio between the thermodynamic and hydrodynamic radius, ath
and a,
κ ≡ ath − a
a
. (3.1)
In the limit of strong hydrodynamics, κ  1, particles can approach each other
closely enough to experience lubrication interactions. As κ grows, κ ∼ O(1),
hydrodynamic interactions are weakened, but their impacts on the evolution of
the microstructure and rheology persist over long distances. In the limit of weak
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hydrodynamics, κ  1, the long-range interparticle repulsion keeps particles
sufficiently separated such that even long-range hydrodynamic interactions are
negligible.
3.3 Theoretical framework
The theoretical framework for a micromechanical analysis of the evolving
structure and its connection to rheology requires three elements: the details of
the microscopic forces between the particles; a description of the particle con-
figuration set by microscopic forces and imposed fields or flow; and a means by
which to relate the two to macroscopic rheological quantities. The first of these,
microscopic forces, was described in Sec. 1.2 and 3.2. The latter two — formu-
lation of a Smoluchowski equation governing microstructural evolution, and
its use in calculating an average, probe-phase stress — were fully developed in
Chapter 2 in which we studied the individual elements of the normal stresses.
Here we shall briefly recapitulate the main aspects of the theory and present
the final governing equations from which solutions are utilized to compute the
normal stress differences and osmotic pressure.
3.3.1 Micromechanical description of the stress
In the present section, we recapitulate the key results of the suspension stress
for a dilute bath driven from equilibrium by an externally forced probe, as
presented in Sec. 2.3.2. In the dilute limit, we found previously the average
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external-force induced, Brownian, and interparticle stresses:
〈Σ〉H,ext
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= − 1
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∫
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(3.4)
Normal stresses were examined in detail in Chapter 2. In this work, we fo-
cus on the non-Newtonian rheology revealed by the normal stress differences
and nonequilibrium osmotic pressure, a hallmark of non-Newtonian behavior
in complex fluids. The first and the second normal stress differences are ob-
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tained from Eqs. (3.2)–(3.4) via the relations,
N1 ≡ Σzz − Σyy, (3.5)
N2 ≡ Σyy − Σxx. (3.6)
The distortion of microstructure can also bring forth a nonequilibrium os-
motic pressure, giving rise to isotropic expansion or contraction of the particle
phase. The osmotic pressure is defined as the negative one-third of the trace of
the stress tensor, and is obtained from Eqs. (3.2)–(3.4) via the relations,
Π ≡ −1
3
I : Σ. (3.7)
Away from equilibrium, Zia and Brady [154] studied nonhydrodynamically
interacting suspensions utilizing an active microrheology framework, and
showed that a nonequilibrium osmotic pressure contributes to particle stress.
In the present study, we will examine the nonequilibrium osmotic pressure in
hydrodynamically interacting suspensions arising from the underlying exter-
nal, Brownian and interparticle forces.
3.4 Results
The connection between microscopic forces and the evolution of particle con-
figuration built in the previous section can be utilized to evaluate the particle
stress in a dilute colloidal suspension. The individual normal stresses requires
detailed interpretation and discussion, and were presented in Chapter 2. The
seemingly simple calculation of the normal stress difference and osmotic pres-
sure reveals sufficiently rich behavior to warrant separate examination, pre-
sented here. We divide the results into two parts: first, the asymptotic limits
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of weak and strong forcing; and second, evolution of normal stress differences
and osmotic pressure for arbitrary strength of forcing and strength of hydro-
dynamic interactions. The second normal stress difference is identically zero
regardless of the strength of flow and hydrodynamics, owing to the axisymme-
try of the perturbed structure around the probe (cf. Sec. 2.4.1). We begin the
discussion with behavior of the first normal stress difference, followed by the
study of the osmotic pressure.
3.4.1 Normal stress differences
To obtain the general expressions for the first normal stress difference, the
expressions for the parallel and perpendicular normal stresses are first obtained
by projecting the stress tensor, Eqs. (3.2)–(3.4), onto two orthogonal subspaces
corresponding to planes normal and parallel to the external force, then subtract-
ing the perpendicular from the parallel normal stress. Only the traceless portion
of the normal stresses contributes. The external-force induced, Brownian, and
interparticle contributions to the first normal stress difference are
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where the components of the hydrodynamic resistance and mobility functions
Xαβ, Yαβ, xαβ, yαβ, G, and H are given in Appendix A. We begin the investigation
of the first normal stress difference by studying the limit of weak probe forcing.
Weak probe force, Pe  1
To compute the first normal stress difference under weak flow, the asymp-
totic results for the weakly distorted microstructure, f (r; Pe  1) [Eq. (2.18)],
is inserted into expressions (3.8)–(3.10). To leading order, the external-force in-
duced, Brownian, and interparticle contributions to the first normal stress dif-
ference are obtained as
〈Nneq1 〉H,ext
nakTφb
= Pe2
∫ ∞
2
3
2
AH,ext(r) f1(r)r2dr + O(Pe4), (3.11)
〈Nneq1 〉B
nakTφb
= Pe2
∫ ∞
2
3
2
AB(r) f2(r)r2dr + O(Pe4), (3.12)
〈Nneq1 〉P
nakTφb
= Pe2
{
3
2
AP f2(2) + CP
[
f2(2) +
5
3
h2(2)
]
− GP [ f2(2) + 5h2(2)]} + O(Pe4),
(3.13)
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whereAH,ext,AB,AP, CP and GP are compact expressions for the hydrodynamic
functions and are given in Appendix C. The coefficients A are associated with
the traceless part of the stress tensor, and the term associated with the coeffi-
cients CP and GP correspond to the elastic stress.
In the absence of hydrodynamic interactions, κ  1, the hydrodynamic stress
vanishes. Only the nonhydrodynamic elastic interparticle stress survives. The
low-Pe behavior is given, to O(Pe4), as
〈Nneq1 〉
nakTφb
 −0.163Pe4 for Pe  1, κ  1, (3.14)
recovering the result of Zia and Brady [154]. In this limit, normal stresses are
generated solely by direct elastic collisions between the probe and surrounding
bath particles, which are equally likely in the parallel and perpendicular direc-
tions at equilibrium. Thus, even though the individual normal stresses grow as
Pe2, their scalar coefficients are identical [cf. Eqs. (2.28)–(2.42)] and cancel one
another precisely, reflecting the weak anisotropy of the structure. This behavior
is plotted in Fig. 3.1(a).
In the opposite limit of strong hydrodynamic interactions, the external-force
induced stress and the Brownian stress dominate, while the interparticle stress
vanishes. The low-Pe, strong hydrodynamics behavior is given, to O(Pe2), as
〈Nneq1 〉H,ext
nakTφb
 −0.28Pe2 + O(Pe4),
〈Nneq1 〉B
nakTφb
 0.15Pe2 + O(Pe4) for Pe  1, κ  1,
(3.15)
which, when combined, grows as 〈Nneq1 〉 ∼ 0.13Pe2, shown by the solid asymp-
tote in Fig. 3.1(a).
To examine how the strength of the first normal stress difference changes as
entropic and hydrodynamic forces evolve from the κ → ∞ limit to the κ → 0
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Figure 3.1: First normal stress difference in the linear-response regime. (a)
Asymptotically weak versus strong hydrodynamic interactions
[black dashed line, Eq. (3.14); and red solid line, Eq. (3.15), re-
spectively]. (b) Individual contributions to total first normal
stress difference for Pe→ 0, as a function of strength of hydro-
dynamic interactions κ. External-force induced contribution,
Eq. (3.11) (); Brownian contribution, Eq. (3.12) (♦); interpar-
ticle contribution, Eq. (3.13) (4); total first normal stress differ-
ence, sum of Eqs. (3.11)–(3.13) (©).
limit, each contribution [Eqs. (3.11)–(3.13)] is plotted over five decades of κ in
Fig. 3.1(b). The external force-induced contribution 〈Nneq1 〉H,ext is negative for
all ranges of repulsion κ, because 〈Σneq‖ 〉H,ext < 0 is larger in magnitude than
〈Σneq⊥ 〉H,ext < 0, for all κ. The uniformly negative value of 〈Nneq1 〉H,ext accompanies
the tendency of the externally imposed flow to distort the structure. A stronger
distortion along the flow produces the asymmetry required for non-Newtonian
rheology, and owes its origin to the more rapid decay of relative radial motion
[G(r)] compared to relative transverse motion [H(r)]. For any relative pair trajec-
tory, each of the two orthogonal hydrodynamic couplings, G(r) and H(r), plays
an evolving role throughout the pair encounter. The upstream and downstream
portions of the trajectory are dominated byG(r) and thus occupy the majority of
the encounter. At the middle region of the encounter, H(r), a weaker coupling,
permits faster relative motion. The upstream and downstream interactions con-
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tribute primarily to the parallel stress while the midpoint interactions contribute
primarily to the perpendicular stress. In consequence, the resultant structural
asymmetry produces a negative normal stress difference.
In contrast, the Brownian and interparticle contributions are both positive
for the entire range of κ because, for each, the underlying normal stress compo-
nents of 〈Σneq〉B and 〈Σneq〉P are all negative, with larger magnitudes in the per-
pendicular direction. The difference is weak in this near-equilibrium regime,
but nonzero. Both 〈Σneq‖ 〉B and 〈Σneq⊥ 〉B are O(1), differing only by 15% in magni-
tude owing to the strength of Brownian motion. The sign of these two entropic
contributions is opposite that of the external force-induced hydrodynamic con-
tribution since, at low Pe, entropic forces resist the relative particle motion in-
duced by the flow, i.e., tend to make uniform and symmetric the structure. This
relation reflects the tendency of Brownian motion to act against the flow, restor-
ing structural symmetry and thus making zero the total first normal stress dif-
ference. Physically, Brownian drift always acts to drive particles to regions of
higher mobility. Along the azimuthal angle, this always separates a pair and
reduces stress. In the fore and aft regions, the same force drives the pair apart
upstream but drives them together downstream.
Similarly, entropic scattering from elastic collisions also tends to make zero
the total normal stress difference by enhancing the perpendicular stress. Phys-
ically, when bath particles pass by the probe, elastic collisions in the direction
perpendicular to the external force drive a pair apart to give an O(1) contri-
bution 〈Σneq⊥ 〉P. However, in the direction parallel to the external force, while
weak advective motion of the probe enhances collisions on the upstream face
of the probe, once a bath particle passes by and resolves the encounter, there is
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low probability of a downstream elastic collision [69]. This results in a weaker
〈Σneq‖ 〉P < 0 compared to 〈Σneq⊥ 〉P < 0, and hence 〈Nneq1 〉P > 0.
Overall, to have non-Newtonian rheology, structural asymmetry must be
present. However, when flow is weak and Brownian motion is strong, such
asymmetry cannot be maintained longer than the time scale of thermal fluctua-
tions – it is relaxed quickly by Brownian motion. Thus, the only way to sustain
a finite normal stress difference is to slow down this relaxation. In the limit of
strong hydrodynamics, κ → 0 [the left end of the axis of Fig. 3.1(b)], despite the
presence of strong Brownian motion, hydrodynamic interactions slow down the
approach and the separation of particles, resulting in a finite first normal stress,
recovering the asymptotic coefficient, 0.13. The interparticle normal stress dif-
ference is identically zero in this limit because the pair collisions required to pro-
duce structural asymmetry are prevented entirely by hydrodynamic deflection.
As the repulsion range κ grows, both the external force-induced and Brownian
contributions to stress decay to zero approximately as κ−1/5 and κ−1/10 respec-
tively, as the no-slip surfaces of particles are kept widely separated. The growth
of the effective thermodynamic particle size also permits more frequent hard-
sphere collisions, with a longitudinal bias owing to remaining weak hydrody-
namic coupling. The elastic stress reaches a maximum near κ = 0.5, and then
decays rapidly on approaching the limit of weak hydrodynamics, κ → ∞, the
right end of the axis.
Strong probe force, Pe  1
When probe forcing is strong, the region upstream of the probe comprises
two domains: an outer region where only advection matters, and an O(Pe−1)-
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thin boundary layer at the probe surface where diffusion balances advection.
That is, the presence of even very weak Brownian motion (or surface rough-
ness) destroys Stokes-flow symmetry of pair trajectories and, as predicted by
Batchelor [15], the Newtonian rheology associated with spherically symmetric
structure is lost. The nonequilibrium stress is determined primarily by the dy-
namics of the boundary layer, and the contribution from the outer region is neg-
ligible [34]. The high-Pe first normal stress difference is computed by inserting
the boundary-layer solutions for the distorted microstructure, Eqs. (2.19) and
(2.20), for the limits of weak and strong hydrodynamic interactions respectively,
into Eqs. (3.2)–(3.4).
The subtraction of the perpendicular normal stress from its parallel counter-
part automatically eliminates the isotropic stress; only the traceless portion of
the normal stresses contributes to the normal stress difference. In the absence of
hydrodynamic interactions, only the interparticle stress matters, giving
〈Nneq1 〉
nakTφb
= Pe
∫ pi
0
(
−6 cos2 θ sin θ + 3 sin3 θ
)
fˆ (0, θ)dθ + O(1)
= −3
4
Pe + O(1) for Pe  1, κ  1,
(3.16)
where for compactness we have defined fˆ ≡ cos θ e−Pe(r−2) cos θ. In this dual limit of
strong forcing and weak hydrodynamic interactions, the first normal stress dif-
ference scales linearly in the external forcing strength Pe, recovering the result
of Zia and Brady [154].
In the opposite limit of strong hydrodynamic interactions, the external force,
Brownian motion, and interparticle forces all play a role. In this dual limit of
Pe  1 and κ  1, the external-force induced stress dominates because Brown-
ian motion is weak when flow is strong, and strong hydrodynamic interactions
shield pairs from elastic collisions. The hydrodynamic functions in Eqs. (3.2)–
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(3.4) take on their lubrication forms, and the high-Pe asymptotic forms of the
interparticle, Brownian, and external-force induced contributions are
〈Nneq1 〉P
nakTφb
= Peδ
{[∫ pi

(
cos2 θ sin θ − 1
3
sin θ
)
f˜ (0, θ)dθ
]
3DP
2
+
[∫ pi

(
cos2 θ sin θ
)
f˜ (0, θ)dθ
]
HP
−
[∫ pi

(
sin3 θ
)
f˜ (0, θ)dθ
]
IP
}
+ O(Peδ−1 ln Pe),
(3.17)
〈Nneq1 〉B
nakTφb
= Peδ−1 ln Pe
{[∫ pi

∫ ∞
0
(
cos2 θ sin θ − 1
3
sin θ
)
f˜ (y, θ)dydθ
]
3DB
2
+O(Peδ−1),
(3.18)
〈Nneq1 〉H,ext
nakTφb
= Peδ ln Pe
[∫ pi

∫ ∞
0
(
cos3 θ sin θ − cos θ sin θ
)
f˜ (y, θ)dydθ
]
3DH,ext
2
+Peδ
[∫ pi

∫ ∞
0
(
cos3 θ sin θ − cos θ sin θ
)
f˜ (y, θ)dydθ
]
3EH,ext
2
+O(Peδ−1 ln Pe),
(3.19)
where the radial integration is carried out over the stretched radial coordinate
y = Pe(r−2), and δ = 0.799. For compactness, we have introduced the coefficients
D and E associated with the traceless hydrodynamic functions, andH and I for
the elastic stresslet 〈rFP〉. The detailed expressions for the D, E, H and I coef-
ficients are given in Appendix C. Before discussing the scaling of Eqs. (3.17)–
(3.19), we note again the apparently divergent behavior noted in Sec. 2.4.2 for
the normal stresses under strong probe force, where again the region of angular
integration carefully avoids an -small region to maintain convergent behavior
and accurate modeling of the physics.
Let us inspect the scaling in Pe of each of these expressions, beginning with
the interparticle contribution. The interparticle contribution to the high-Pe first
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normal stress difference, Eq. (3.17), scales as Pe0.799. However, the terms cor-
responding to the dissipative and the elastic stress cancel precisely, giving an
overall zero contribution as lubrication forces prevent particle collisions. The
Brownian contribution, Eq. (3.18), is much weaker, 〈Nneq1 〉B ∼ Pe−0.201 ln Pe. Lastly,
the external-force induced contribution, Eq. (3.19), comprises an O(Pe0.799 ln Pe)
and an O(Pe0.799) term. Of these two terms, the O(Pe0.799 ln Pe) makes the least
contribution because the coefficient DH,ext → 0; physically, the stress generated
by the relative rotational motion exactly balances (cancels) that generated by rel-
ative transverse translational motion [34]. Thus, the O(Pe0.799) term dominates
the high-Pe behavior. We summarize these scalings as follows:
〈Nneq1 〉H,ext ∼ Pe0.799 for Pe  1, κ  1, (3.20)
〈Nneq1 〉B ∼ Pe−0.201 ln Pe for Pe  1, κ  1, (3.21)
〈Nneq1 〉P ∼ Pe0.799 for Pe  1, κ  1. (3.22)
The three contributions are combined to give the total first normal stress
difference, 〈Nneq1 〉, plotted in Fig. 3.2 as a function of the external force, Pe. As
shown by the asymptotes for κ  1 and κ  1, hydrodynamic interactions qual-
itatively change the influence of flow strength on the first normal stress differ-
ence. As either hydrodynamic interactions or flow strength grow stronger, en-
tropic contributions weaken, because at small κ interparticle repulsion is weak,
and at high Pe Brownian motion is weak. As discussed in the previous section
for weak probe force, hydrodynamic interactions act to enhance the small Pe first
normal stress difference by amplifying the disparity in the duration of longitu-
dinal versus transverse particle encounters, and the disparity in Brownian drift
in the two orthogonal directions. In contrast, hydrodynamic interactions act to
suppress the first normal stress difference when Pe is large, owing to a deflection
121
10-7
 
10-5
 
10-3
 
10-1
 
101
 
103
- 〈
N 1
ne
q 〉
 / n
akT
φ b
0.001 0.01 0.1 1 10 100 1000
Pe
⇠ Pe 
0.16Pe4
0.13Pe2
-6
 
10-4
 
10-2
 
100
 
102
 
〈 Π
ne
q 〉
 / n
akT
φ b
0.001 0.01 0.1 1 10 100 1000
Pe
Repulsion range, κ
Analytical results
 κ  >> 1  (weak hydrodynamics)
 κ  << 1  (strong hydrodynamics)
3
4
Pe
Figure 3.2: Asymptotic behavior of the first normal stress difference. Black
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and high-Pe asymptote for strong hydrodynamic interactions,
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 1 [sum of Eqs. (3.11)–(3.13), and sum of Eqs. (3.17)–(3.19),
respectively].
of collisions that preserves microstructural symmetry.
Arbitrary strength of probe force and hydrodynamics
To explore the regime where the external probe forcing Pe and strength of
hydrodynamic interactions κ take on arbitrary values, the first normal stress
difference is computed numerically via a finite difference discretization of the
Smoluchowski equation (2.2)–(2.4) and inserting the microstructural solution
into Eqs. (3.8)–(3.10). Fig. 3.3 shows the total first normal stress difference
〈Nneq1 〉, along with the external force-induced, Brownian and interparticle con-
tributions, as a function of Pe for four different strengths of hydrodynamic in-
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teractions, κ, going from weak (a) to strong (d). The stress is made dimension-
less by the ideal (Brownian) osmotic pressure nakT and volume fraction of bath
particles φb, and is scaled by Pe to give an advective scaling of the stress [34],
Pe nakTφb ≡ naF0a2 φb. (3.23)
In the presence of weak hydrodynamic interactions [κ = 1, panel (a)], the first
normal stress difference is primarily set by elastic interparticle collisions, and
linear in Pe in the strong-flow limit, because elastic collisions destroy Stokes-
flow symmetry and thus produce non-Newtonian rheology, even in the limit
Pe−1 ≡ 0, for κ , 0.
The same elastic interparticle collisions are responsible for a (weak) change
in sign of the first normal stress difference, where hydrodynamic interactions
are just weak enough to permit collisions, but still strong enough to create the
disparity in parallel versus perpendicular hydrodynamic forces that produces a
normal stress difference. This behavior is highlighted in the inset of panel (a),
where the first normal stress difference (solid line) is shown alongside the par-
allel (dashed line) and perpendicular normal (dash-dotted line) components.
In previous studies, the sign change was attributed to a transition from domi-
nant Brownian forces to dominant hydrodynamic forces [50, 19]. However, the
results in the present study suggested a new mechanism causing such a sign
change: the interparticle force also produce a sign change. When Pe < 1, elastic
collisions are more numerous in the direction perpendicular to the line of the ex-
ternal force (dash-dotted line) compared to the parallel direction (dashed line),
resulting in a stronger perpendicular normal stress and thus a positive normal
stress difference (solid line). As flow strength increases, Pe > 1, the microstruc-
ture becomes increasingly asymmetric with accumulation of bath particles in
front of the probe, giving rise to more frequent collisions in the direction along
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Figure 3.3: The first normal stress difference 〈Nneq1 〉 scaled advectively by
external probe forcing Pe, ideal osmotic pressure nakT and vol-
ume fraction of bath particles φb, as a function of Pe for four dif-
ferent values of κ ranging from weak to strong hydrodynamic
interactions: (a) κ = 1, (b) κ = 10−1, (c) κ = 10−2, and (d) κ = 10−5.
the line of the external force The parallel normal stress overtakes the perpendic-
ular, changing the sign of the normal stress diff rence from positive to negative.
In fact, for κ ∈ [0.5, 500], the interparticle contribution is at least an order of mag-
nitude larger than the Brownian and the external force-induced components, for
the entire range of Pe. Thus, the interparticle force alone can lead to a sign change
in the first normal stress difference.
Physically, a sign change in the normal stress differences affects the
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anisotropic expansion or contraction of the particle phase (cf. Fig. 2.1). We re-
call from the normal stresses that both parallel and perpendicular components
are negative for the entire range of Pe, representing the tendency of the parti-
cle phase to expand in the corresponding direction [34]. A negative first nor-
mal stress difference indicates that the parallel stress is more negative (larger in
magnitude) than the perpendicular stress, signifying an expansion of the par-
ticle phase along the line of the external force, accompanied by a contraction
in the perpendicular direction. In contrast, a positive first normal stress differ-
ence corresponds to a contraction in the parallel direction and an expansion in
the perpendicular direction. While these results may be challenging to measure
in hard-sphere suspensions in the low-Pe regime, a suspension of deformable
particles may show a more pronounced prolate-to-oblate shape transition.
In panel (b), the interparticle repulsion range shrinks, κ = 10−1, and the grow-
ing importance of hydrodynamic coupling permits the emergence of the dissi-
pative part of the interparticle stress, 〈RSU · UP + RSΩ ·ΩP〉. For all Pe, its sign
is opposite that of the elastic interparticle stress, 〈rFP〉, which itself decreases
in magnitude as κ shrinks, overall leading to a smaller interparticle stress. The
reduction of the total interparticle stress is accompanied by a growth of the ex-
ternal and Brownian stresses. The Brownian contribution is positive over the
entire range of Pe. In contrast, the external force-induced contribution is nega-
tive. In this competition between the external and Brownian forces, the former
acts to expand the particle phase along the line of the probe forcing and contract
it in the perpendicular directions, whereas the latter counteracts the motion, act-
ing to restore the equilibrium configuration. Despite the opposite signs of these
components, the Brownian contribution is never strong enough to dominate the
external force-induced contribution, even in the low-Pe regime, which can be
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understood as follows. As discussed in the section for weak probe force, when
Pe is small, the majority of the Brownian contribution to the normal stresses lies
in the trace, and computation of the first normal stress difference automatically
eliminates it. That is, for κ < 0.5, the evolution of the total first normal stress
difference follows that of its external-force induced component, and there is no
change of sign in the quantity with Pe.
The interparticle contribution continues to diminish when the repulsion
range, κ, decreases [panel (c)], as hydrodynamic and Brownian contributions
grow. When hydrodynamic interactions are strong [panel (d)], only the external
and Brownian forces matter. At high Pe, the suppressive effect of hydrodynamic
interactions becomes clear, as the growth of the normal stress difference de-
cays toward an eventual Newtonian plateau that can be reached when Pe−1 = 0
and κ = 0. In this pure-hydrodynamic limit, the microstructure is spherically
symmetric and the first normal stress difference vanishes, and the suspension
behaves as a Newtonian fluid as predicted by Batchelor [15]. This is consistent
with the idea that structural asymmetry is required for non-Newtonian response
in suspensions of smooth hard-spheres.
Surprisingly, the interparticle force still plays a prominent role when hy-
drodynamic interactions are strong: In panel (d), when κ → 0, the interpar-
ticle contribution to the first normal stress difference is indeed negligible, but
only because the elastic and dissipative parts are of identical strength and op-
posite sign. Each is nonzero, meaning that the interparticle force still plays a
role in preventing particle overlaps, whereas the external-force induced stress is
responsible for preventing particle touching via lubrication interactions. In fact,
a pair-trajectory analysis shows that the elastic and the dissipative interparti-
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osmotic pressure nakT and volume fraction φb, as a function of
external probe forcing Pe for various strength of hydrodynamic
interactions κ. For κ ∈ [0.5, 100], the segment displayed with
dashed line has been multiplied by −1 to make it visible on the
log-log plot.
cle stresses act against each other — the former drives particles apart and the
latter pulls particles together [34]. Prior studies of normal stress differences in
sheared suspensions did not identify the role of interparticle force in the strong
hydrodynamics regime, owing to a choice to combine the trace of the dissipa-
tive interparticle stresslet with the Brownian stresslet. The interparticle force
then appeared to contribute nothing to the first normal stress difference as, by
definition, the first normal stress difference comes only from the traceless part
of the stresslet. However, with such a grouping, the interparticle portion of the
two normal stresses would then no longer be zero, contradicting the dogma that
the interparticle force is zero and “replaced” by lubrication forces. Indeed, both
must play a role, even in the pure-hydrodynamic limit [68].
The evolution of the total first normal stress difference is summarized in
Fig. 3.4, where the sign change arising with changes in structural symmetry is
shown for several values of κ. When flow is weak, the numerical results recover
the weak- and strong-hydrodynamics asymptotic solutions. The first normal
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stress difference is positive when entropic forces dominate, κ ∈ [0.5, 500], and
becomes strongly negative when entropic forces are suppressed, κ < 0.5. When
flow is strong, hydrodynamic interactions suppress the growth of the first nor-
mal stress difference, from linear in Pe to sublinear. The approach to the asymp-
totic strong-flow limit, 〈Nneq1 〉 ∼ Pe0.799, grows as Pe0.867, becoming perceptible
only when Pe > 103, owing to the influence of the residual Brownian force.
When flow goes from weak to strong, 〈Nneq1 〉 changes sign, but only if hydro-
dynamic interactions are weak enough to permit interparticle collisions and, in
this case, the dominance of perpendicular normal stress over parallel normal
stress reverses, owing to an increase in force-aft asymmetry from O(1) at small
Pe to O(Peδ) at large Pe.
3.4.2 Osmotic pressure
The particle-phase osmotic pressure, given by one-third of the negative of
the trace of the stress tensor, describes the tendency of particle motion to isotrop-
ically expand or contract. In this section, we examine the role of flow and mi-
croscopic forces in producing nonequilibrium osmotic pressure. The three con-
tributions to the osmotic pressure found by taking the trace of Eqs. (3.2)–(3.4):
〈Πneq〉H,ext
nakTφb
= − 1
3pi(1 + κ)
Pe
∫
r≥2
[
XP11(κr)x
A
11(κr) + X
P
12(κr)x
A
12(κr)
]
f (r)dr, (3.24)
〈Πneq〉B
nakTφb
= − 1
6pi(1 + κ)
∫
r≥2
{
1
r2
d
dr
[
r2
(
XP11(κr) − XP12(κr)
)
G(κr)
]}
f (r)dr, (3.25)
〈Πneq〉P
nakTφb
=
1
pi
∮
r=2
f (r)dΩ
− 2
3pi(1 + κ)
[
XP11(2(1 + κ)) − XP12(2(1 + κ))
]
G(2(1 + κ))
∮
r=2
f (r)dΩ.
(3.26)
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where the components of the hydrodynamic resistance and mobility functions
Xαβ, xαβ, and G are given in Appendix A. We begin the investigation of the
nonequilibrium osmotic pressure by studying the limit of weak probe forcing.
Weak probe force, Pe  1
In the limit of a weak external force, the nonequilibrium osmotic pressure is
set by the weakly deformed microstructure, f (r; Pe  1) [Eq. (2.18)]. Insertion
into expressions (3.24)–(3.26) gives the external-force induced, Brownian and
interparticle contributions to the osmotic pressure:
〈Πneq〉H,ext
nakTφb
= Pe2
∫ ∞
2
BH,ext(r) f1(r)r2dr + O(Pe4), (3.27)
〈Πneq〉B
nakTφb
= Pe2
∫ ∞
2
BB(r) [ f2(r) + 3h2(r)] r2dr + O(Pe4), (3.28)
〈Πneq〉P
nakTφb
= Pe2
[
f2(2) + 3h2(2)
] (JP − BP) + O(Pe4), (3.29)
whereBH,ext,BB,BP andJP are compact expressions for the hydrodynamic func-
tions, and are given in Appendix C. The coefficients B are associated with the
isotropic part of the stress tensor, and the term associated with the constant JP
corresponds to the elastic stress. The first-order nonequilibrium osmotic pres-
sure is weakly nonlinear, as indicated by the Pe2 scaling in Eqs. (3.27)–(3.29).
In the absence of hydrodynamic interactions, κ  1, the external-force in-
duced and Brownian stresses vanish, and only the elastic interparticle stress
survives:
〈Πneq〉
nakTφb
=
8
3
Pe2 + O(Pe4) for Pe  1, κ  1, (3.30)
recovering the result of Zia and Brady [154].
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Figure 3.5: Nonequilibrium osmotic pressure, Pe  1, plotted as a func-
tion of (a) hydrodynamic interactions κ [external-force induced,
Eq. (3.27) ; Brownian, Eq. (3.28) ♦; interparticle, Eq. (3.29)
4; total ©]; (b) forcing strength, Pe. Black dashed line: low-
Pe asymptote for weak hydrodynamic interactions, κ  1,
Eq. (3.30). Red solid line: low-Pe asymptote for strong hydro-
dynamic interactions, κ  1, Eq. (3.31).
In the opposite limit of strong hydrodynamic interactions, the external-force
induced stress and the Brownian stress dominate, and the interparticle stress
vanishes. The low-Pe asymptotes reveal that the first effect of flow is weakly
nonlinear:
〈Πneq〉H,ext
nakTφb
 0.15Pe2 + O(Pe4),
〈Πneq〉B
nakTφb
 0.89Pe2 + O(Pe4) for Pe  1, κ  1,
(3.31)
to give a total nonequilibrium osmotic pressure 〈Πneq〉  1.0Pe2. The total os-
motic pressure is plotted in Fig. 3.5(a), as a function of the strength of the exter-
nal probe forcing, Pe. Two asymptotes are shown, corresponding to the limit of
weak (κ  1) and strong (κ  1) hydrodynamic interactions, giving 〈Πneq〉 ∼ Pe2
in both limits of κ. Overall, hydrodynamic interactions suppress the osmotic
pressure. From an entropic prospective, shrinking the effective particle size in-
creases the available free volume, resulting in a decrease in the osmotic pressure.
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To examine how osmotic pressure evolves with thermodynamic size and
the strength of hydrodynamic coupling, Eqs. (3.27)–(3.29) are plotted for sev-
eral values of κ in Fig. 3.5(b). On the left end of the horizontal axis, the re-
pulsion range is short and hydrodynamic interactions are strong (κ  1). Hy-
drodynamic shielding prevents most interparticle collisions, leading to negli-
gible interparticle osmotic pressure. Disturbance flows from Brownian motion
and the external force drive the osmotic pressure, with the former dominant in
this regime of weak advection. The total pressure asymptotes to 1.0Pe2. To-
ward the right end of the horizontal axis, κ  1, hydrodynamic interactions
are weak and the interparticle repulsion range is long. The growth in effective
particle size keeps particles so far apart that the disturbance flows decay over
distances much smaller than the thermodynamic size. Thus, as the effective size
of particles increases, the importance of both external-force induced and Brow-
nian osmotic pressure decreases, accompanied by a dramatic enhancement in
entropic exclusion that permits frequent and numerous particle collisions. Be-
cause the increase in entropic stress is more pronounced than the reduction in
the external-force induced and Brownian stress, the overall nonequilibrium os-
motic pressure is higher in suspensions with weak hydrodynamic interactions,
reaching the value of 8/3, recovering the asymptotic result of Eq. (3.30). Overall,
hydrodynamic interactions suppress small-Pe osmotic pressure.
Strong probe force, Pe  1
Here we examine the nonequilibrium osmotic pressure for asymptotically
strong probe forcing. In the limit of weak hydrodynamic interactions, both
external and Brownian forces are negligible, and only the interparticle force
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matters. Inserting the boundary-layer solution for the distorted microstructure
f (r; Pe  1; κ  1), Eq. (2.19), into Eq. (3.26), the high-Pe asymptote of the
osmotic pressure obtained here reads
〈Πneq〉
nakTφb
= Pe
∫ pi
0
(2) (sin θ) fˆ (0, θ)dθ + O(1)
= 1 × Pe + O(1) for Pe  1, κ  1,
(3.32)
which demonstrates that the osmotic pressure scales linearly in Pe with a pref-
actor of unity, recovering the result of Zia and Brady [154].
Osmotic pressure in the opposite limit of strong hydrodynamic interac-
tions can be obtained by inserting the solution for the distorted microstructure
f (r; Pe  1; κ  1), Eq. (2.20), into Eqs. (3.24)–(3.26), and utilizing the lubrica-
tion forms of the hydrodynamic functions to obtain
〈Πneq〉H,ext
nakTφb
= Peδ
[∫ pi

∫ ∞
0
(cos θ sin θ) f˜ (y, θ)dydθ
]
F H,ext + O(ln(Pe)Peδ−1),
(3.33)
〈Πneq〉B
nakTφb
= Peδ−1 ln Pe
[∫ pi

∫ ∞
0
(sin θ) f˜ (y, θ)dydθ
]
F B + O(Peδ−1), (3.34)
〈Πneq〉P
nakTφb
= Peδ
[∫ pi

(sin θ) f˜ (0, θ)dθ
] (
F P +KP
)
+ O(ln(Pe)Peδ−1), (3.35)
where δ = 0.799. Here, F H,ext, F B, F P and KP are compact expressions for the
hydrodynamic functions, and are given in Appendix C. The coefficients F are
associated with the isotropic stress, and K corresponds to the elastic stress. The
excluded region of angular integration, , is identical to that discussed in the
computation of high-Pe first normal stress difference (cf. Sec. 3.4.1).
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Figure 3.6: Nonequilibrium osmotic pressure, Pe 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line: low- [Eq. (3.29)] and high-Pe [Eq. (3.30)] asymptote for
weak hydrodynamic interactions, κ 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 1 [sum of Eqs. (3.27)–(3.29), and sum of Eqs. (3.33)–(3.35),
respectively].
The scaling of each contribution can be written compactly as
〈Πneq〉H,ext ∼ Pe0.799 for Pe  1, κ  1, (3.36)
〈Πneq〉B ∼ Pe−0.201 ln Pe for Pe  1, κ  1, (3.37)
〈Πneq〉P ∼ Pe0.799 for Pe  1, κ  1. (3.38)
The total nonequilibrium osmotic pressure for both Pe  1 and Pe  1 is
plotted in Fig. 3.6 as a function of the external forcing strength, Pe, which re-
veals that hydrodynamic interactions suppress nonequilibrium osmotic pres-
sure in the high-Pe limit as well. When Pe  1, the pressure decays from
a linear growth in Pe when hydrodynamic interactions are weak, κ  1, to
〈Πneq〉 ∼ Pe0.799 when hydrodynamic interactions are strong, κ  1. The latter
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limit reflects both a direct and an indirect effect of hydrodynamic interactions.
The direct effect is an O(1) hydrodynamic coupling represented by the hydro-
dynamic function EH,ext in Eq. (3.33). Hydrodynamic interactions also reduce
bath particle accumulation in the boundary layer from g(r; κ) ∼ Pe for κ → ∞
to g(r; κ) ∼ Pe0.799 for κ → 0, indirectly decreasing the osmotic pressure. Each
suppresses the osmotic pressure.
In summary, entropic forces enhance the osmotic pressure in the two asymp-
totic limits of Pe or, equivalently, hydrodynamic interactions shield particles
from collisions, preserving microstructural symmetry, and suppressing the
asymmetry required for non-Newtonian rheology. To discover whether this
trend persists for all Pe, we next numerically compute the osmotic pressure for
arbitrary κ and Pe.
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Figure 3.8: Nonequilibrium osmotic pressure 〈Πneq〉 scaled advectively by
external probe forcing Pe, ideal osmotic pressure nakT and vol-
ume fraction of bath particles φb, as a function of Pe for four dif-
ferent values of κ ra ging from weak to strong hydrodynamic
interactions: (a) κ = 1, (b) κ = 10−1, (c) κ = 10−2, and (d) κ = 10−5.
Arbitrary strength of probe force and hydrodynamics
To analyze the evolution of the nonequilibrium osmotic pressure for arbi-
trary strength of external force Pe and hydrodynamic interactions κ, the total
nonequilibrium osmotic pressure 〈Πneq〉 is computed numerically via the finite
difference scheme utilized in Sec. 3.4.1. The results are plotted in Fig. 3.7(a) as
a function of Pe, for several values of κ. When probe forcing is weak or strong,
the numerical results recover the asymptotic theory in the limits of weak and
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strong hydrodynamic interactions. Between these two limits, the total osmotic
pressure rises monotonically with increasing Pe, as advective distortion of the
structure outpaces Brownian smoothing. In the previous two sections, we saw
that hydrodynamic interactions suppress the osmotic pressure for asymptoti-
cally weak and strong forcing. Fig. 3.7(a) shows that hydrodynamic interactions
suppress the osmotic pressure for all values of Pe. The data from fig. 3.7(a) are
scaled by Pe, and this advectively scaled osmotic pressure is plotted in panel (b),
where the suppressive effect of hydrodynamic interactions on the nonequilib-
rium osmotic pressure shows an approach to Newtonian rheology in the pure-
hydrodynamic limit. To understand the underlying mechanisms for the evolu-
tion of the osmotic pressure, we study the individual contributions arising from
the various microscopic forces.
In Fig. 3.8, the external-force induced, Brownian and interparticle contribu-
tions of the total nonequilibrium osmotic pressure, 〈Πneq〉, are plotted as a func-
tion of Pe for four different values of κ, ranging from (a) weak to (d) strong hy-
drodynamic interactions. In the case of weak hydrodynamic interactions, plot
(a), only the elastic interparticle stress na〈rFP〉 contributes to the osmotic pres-
sure. When scaled diffusively as shown in the inset, the quadratic and linear
growth in Pe in the low- and high-Pe limits are recovered. The advective scal-
ing of the data in the main plot of (a) effectively scales out the O(Pe) frequency
of particle collisions, giving a high-Pe plateau in the pressure. From the rhe-
ological perspective, the nonzero constant high-Pe pressure indicates that non-
Newtonian rheology persists in a nonhydrodynamically interacting suspension,
even at Pe−1 = 0, owing to the destruction of Stokes flow symmetry by particle
collisions.
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When hydrodynamic interactions begin to play a role, κ = 10−1 in plot (b),
hydrodynamic shielding results in fewer particle collisions, as indicated by a
weaker elastic contribution 〈rFP〉; but now the dissipative part of the interparti-
cle stress, 〈RSU · UP〉, grows. The overall interparticle contribution weakens but
still dominates the external-force induced and Brownian contributions over the
entire range of Pe.
As repulsion range continues to shrink, κ = 10−2 in plot (c), the elastic and
dissipative parts of the interparticle stress become nearly equal but opposite
in sign, leading to a negligibly small interparticle stress. But this entropically
induced stress is replaced by the Brownian stress, which dominates the total
stress for Pe ≤ 1, until the external force contribution dominates. In the high-
Pe regime, the Pe-dependence of the osmotic pressure weakens to a sublinear
scaling, owing to the reduction in particle encounters by hydrodynamic shield-
ing. Upon further shrinking of the repulsion range, the limit of strong hydro-
dynamic interactions is reached [plot (d)]. The interparticle osmotic pressure
becomes negligible for the entire range of Pe which, as was the case for the
normal stresses [34] and the first normal stress difference, is due to the precise
counter-balance between the elastic and dissipative interparticle stresses. In the
pure-hydrodynamic limit, κ = 0 and Pe−1 = 0, the high-Pe asymmetric bound-
ary layer and wake structure becomes fore-aft symmetric. The nonequilibrium
osmotic pressure vanishes, recovering Newtonian rheology.
In summary, we find that the low- and high-Pe growth of the nonequilib-
rium osmotic pressure scale as 〈Πneq〉 ∼ Pe2 and 〈Πneq〉 ∼ Peδ respectively, where
δ ranges from 0.799 to 1 from strong to weak hydrodynamics. Hydrodynamic
interactions suppress the total osmotic pressure for all values of Pe, signaling
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a weaker tendency of the particle phase to expand [equivalently, weaker colli-
sions with a fictitious boundary [154]]. In the advective frame of reference, hy-
drodynamic interactions were shown to weaken the non-Newtonian response
far from equilibrium. The weakening effect becomes more prominent as Pe in-
creases, resulting in a vanishing nonequilibrium osmotic pressure in the pure-
hydrodynamic limit. Only in a nonhydrodynamically interacting suspension
can one measure a nonzero nonequilibrium osmotic pressure at Pe−1 = 0.
3.5 Conclusions
We have developed a theoretical model of the non-Newtonian rheology
of semi-dilute dispersions of hydrodynamically interacting colloidal spheres,
forming a connection between microscopic forces and microstructural evolu-
tion to normal stress difference and osmotic pressure, utilizing active microrhe-
ology. The influence of the strength of entropic and hydrodynamic forces on
non-Newtonian rheology was studied over six decades of flow strength, Pe,
and eight decades of hydrodynamic strength (interparticle repulsion range), κ,
alongside limiting behaviors for asymptotically weak and strong hydrodynamic
interactions and flow. The first normal stress difference, 〈N1〉, and nonequi-
librium osmotic pressure, 〈Πneq〉, both evolve in magnitude with changes in
strength of flow or hydrodynamic coupling. In addition, 〈N1〉 exhibits a sign
change with growing flow strength Pe, if hydrodynamic interactions are only
moderately strong and permit interparticle collisions.
When flow is strong, Pe  1, a short repulsion range permits particles to
experience strong hydrodynamic interactions that shield them from collisions,
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preserving structural symmetry and suppressing the growth of the first normal
stress difference. When flow is weak, Pe  1, decreasing the repulsion range, in
contrast, enhances the first normal stress difference by amplifying both the dis-
parity in the duration of longitudinal versus transverse particle encounters, and
the disparity in Brownian drift in the two orthogonal directions. Between the
weak- and strong-flow limits, the first normal stress difference exhibits a sign
change, but only if hydrodynamic interactions are weakened by surface rough-
ness or other repulsive forces. In this regime, the first normal stress difference
is dominated by elastic interparticle interactions; when flow is weak, the stress
normal to the flow is stronger than that along it, |ΣP,el⊥ | > |ΣP,el‖ |, but this reverses
as flow strength grows and interparticle collisions along the line of forcing grow
in frequency.
While in prior work the sign change in the first normal stress difference
was ascribed solely to the growing dominance of hydrodynamic over Brownian
forces [50, 19], here we identified a novel mechanism that interparticle repulsion
alone can lead to such sign change. Interrogation of this behavior revealed that,
even when hydrodynamic interactions are very strong, the hard-sphere inter-
particle force still plays a role in the first normal stress difference. The vanishing
of the interparticle stress in this limit results from the precise balance between
its elastic and dissipative contributions; this physical description cannot be re-
covered from prior approaches that extract and move the trace of the dissipative
interparticle stress to the Brownian stress.
The present work also revealed that entropic repulsion enhances the
nonequilibrium osmotic pressure; that is, hydrodynamic interactions act to sup-
press osmotic pressure, regardless of the strength of flow. The effect is quanti-
139
tative when flow is weak but, as flow strength increases, O(1) structural asym-
metry becomes O(Peδ), leading to a corresponding amplification of the pres-
sure. The suppressive influence of hydrodynamics is qualitative when forcing
is strong: the growth of the pressure changes from 〈Πneq〉 ∼ Pe in the limit of
weak hydrodynamics to 〈Πneq〉 ∼ Pe0.799 when hydrodynamic interactions are
strong.
This theoretical framework can provide guidance for the interpretation of ex-
perimental measurements of non-Newtonian rheology of colloidal dispersions.
For example, it can provide a means by which to detect the relative strength
of hydrodynamic interactions, a quantity that can be difficult to measure. One
would expect a high-Pe plateau of the advectively scaled osmotic pressure and
first normal stress difference, if hydrodynamic interactions are weak. For dis-
persion in which hydrodynamic interactions are strong, this non-Newtonian
plateau will give way to a slow, O(Peδ−1) decay, where the slope of the decay can
be utilized to infer the interparticle repulsion range.
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CHAPTER 4
TOWARD A NONEQUILIBRIUM STOKES-EINSTEIN RELATION IN
COLLOIDAL DISPERSIONS
4.1 Introduction
The fluctuation-dissipation theorem governs various physical processes at
thermodynamic equilibrium, e.g. Brownian motion, Johnson-Nyquist noise,
thermal radiation: common among them is a balance between the dissipation of
spontaneous system fluctuations. An early attempt to relate fluctuation and dis-
sipation dates back to the work of Einstein [44], who considered sedimentation
of a dilute suspension of non-interacting hard-sphere particles. Appealing to a
hypothetical equilibrium state, he asserted that the advective flux arising from
sedimentation is balanced exactly by an upward Fickian diffusive flux caused
by the weak spatial concentration gradient from bottom to top. The result is the
famous Stokes-Einstein relation, Da = kTMa: fluctuation of solvent molecules
imparts an average kinetic energy 3kT/2 to a colloid, giving rise to its “sponta-
neous” fluctuating motion described by Da = DaI, where Da is the bare diffusiv-
ity of a colloid of hydrodynamic size a and I is the identity tensor. As the colloid
fluctuates, energy exchange occurs at the no-slip surface of the colloid and the
solvent: the motion of the colloid is dissipated by the (hydrodynamic) Stokes’
drag Ra = M−1a = 6piηaI (η is the dynamic viscosity of the solvent), and the
energy returned to the solvent is precisely the original amount causing fluctua-
tion. Since diffusivity of a particle relates to its mean-square displacement, and
Boltzmann’s constant relates to Avogadro’s number, the Stokes-Einstein relation
offers strong support for the existence of atoms by linking quantitatively a mi-
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croscopic quantity to experimentally accessible macroscopic quantities. Practi-
cally, it allows determination of macroscopic properties of a Newtonian material
by simply tracking the movement of a single, embedded tracer particle — a mi-
crorheology technique. Today, much is known about fluctuation-dissipation be-
havior in general [108, 30, 83] and in complex fluids specifically, but most of this
work is confined to the linear-response regime. When a suspension undergoes
flow, the resulting suspension stress can no longer be obtained via thermody-
namic equilibrium arguments. However, single-particle interrogation of com-
plex fluids, so-called active microrheology, is an important technique for study-
ing complex fluids [61, 124, 78, 102, 126, 153, 154, 155, 131, 68, 69, 70, 34, 35];
connections between the motion of an actively forced tracer have recently been
shown to reveal the suspension stress, viscosity, and flow-induced diffusion via
a nonequilibrium Stokes-Einstein relation [154]. However, this prior model ne-
glected the influence of hydrodynamic interactions between particles, a severe
restriction. The goal of this study is to generalize the nonequilibrium Stokes-
Einstein relation for flowing suspensions to account for the influence of hydro-
dynamic interactions between particles.
The primary influence of particle and hydrodynamic interactions on the
Stokes-Einstein relation is a change in the timescale over which fluctuations are
dissipated. This can be appreciated by recovering the Stokes-Einstein relation
via the Langevin equation [87, 66], central to which is the assumption that the
random forcing obeys Gaussian statistics on the timescale of solvent-molecule
motion. The autocorrelation of the Brownian force is instantaneous, with an
amplitude set by the relaxation processes in the material. For a lone colloid,
this correlation is intransient because the Stokes’ drag on a single particle never
changes. However, in a suspension, hydrodynamic interactions couple parti-
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cles together and, in consequence, the noise-averaged random force lasts much
longer than the individual particle momentum relaxation timescale. Brownian
forces are thus correlated longer in time, because the drag responsible for vis-
cous dissipation is now configuration-dependent. This time dependence gives
rise to linear viscoelastic behavior at or near equilibrium, which has been mod-
eled with some success by a generalization of the Stokes-Einstein relation by
Mason and Weitz [100] for continuum complex fluids, e.g. polymer melts. They
modeled its viscoelastic response by replacing the instantaneous memory ker-
nal (delta function) with a time-dependent memory function, yielding a relation
between the diffusivity of an embedded probe to its frequency-dependent com-
plex mobility, and the complex mobility to the complex viscosity of the mate-
rial. These extensions of the “Stokes” and “Einstein” component together gave a
generalized Stokes-Einstein relation which links the mean-square displacement
of the probe to frequency-dependent linear viscoelasticity of a continuous com-
plex fluid. However, this general theory cannot recover the bulk shear moduli of
colloidal suspensions and other non-continuum fluids; a one-to-one correspon-
dence between probe diffusion and linear-response model can only be obtained
via linear-response active microrheology [69]. It has recently been pointed out
that diffusion arises from motion that generates a Stokeslet and so it should
not give the same result as a sheared (stresslet-producing) flow [152]. While
linear-response active microrheology can appropriately capture the fluctuation-
dissipation relation in suspensions only weakly perturbed from equilibrium, it
leaves open the question of whether single particle fluctuations in flowing sus-
pensions are precisely dissipated with a similar relation.
Zia and Brady [154] recognized that Einstein’s idea could be generalized
to nonequilibrium systems if one modeled the system via an equation of mo-
143
tion rather than an equation of state. Their approach revealed that gradients
in stress drive not only diffusive flux but advective flux as well and, from this,
they inferred that nonequilibrium stress and osmotic pressure in suspensions
are measures of the duration required for fluctuations to dissipate in a flow-
ing suspensions. In the freely draining limit modeled via their “nonequilibrium
equation of state”, the configuration-independence of particle mobility gave a
simple flow-rate dependence of this balance. Here we seek to understand how
this nonequilibrium fluctuation and dissipation change when suspension con-
figuration evolves with the strength of hydrodynamic interactions and strength
of flow.
The focus of this work is to derive a generalized nonequilibrium Stokes-
Einstein relation addressing arbitrary strengths of hydrodynamic and inter-
particle interactions, external forcing and thermal motion. While this relation
maintains the robustness of the original nonequilibrium Stokes-Einstein relation
[154] that a colloidal suspension can be fully characterized by measuring the
movement of a single probe, it accounts for the intricate, non-monotonic evolu-
tion of dissipation (viscosity) and fluctuation (diffusivity) for hydrodynamically
interacting colloids, allowing accurate determination of non-Newtonian rheol-
ogy, including normal stresses, normal stress differences and osmotic pressure,
in the asymptotically limits of weak and strong hydrodynamic interactions and
flow strength, and any intervening regimes. To complement the connection be-
tween pair-interaction in our theory and many-body interactions in non-dilute
suspensions, we compare our predictions with the results from Accelerated
Stokesian Dynamics simulations, shedding light on the development of a scal-
ing theory for the concentrated suspension stress.
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The remainder of this paper is organized as follows: in Sec. 4.2, the microrhe-
ology model system is presented. Next, in Sec. 4.3, we present the derivation of a
generalized nonequilibrium Stokes-Einstein relation connecting the suspension
stress to nonequilibrium fluctuation and dissipation, for arbitrary strengths of
hydrodynamic, external, Brownian and interparticle forces, utilizing an active
microrheology framework. An anisotropic effective resistance tensor is con-
structed from microviscosity and flow-induced diffusivity to model the effect
of hindered and fluctuating particle motion in the presence of hydrodynam-
ics which, upon coupled with particle flux, constitutes the advective and dif-
fusive components of a Cauchy momentum balance. Results are presented in
Sec. 4.4, starting with comparing four rheological quantities, namely the paral-
lel and perpendicular normal stress, the first normal stress difference and os-
motic pressure, predicted from the generalized nonequilibrium Stokes-Einstein
relation and values obtained from statistical mechanics theory [34, 35], for the
full range of hydrodynamic interactions and flow strength from weak to strong.
In Sec. 4.5, the predictions from theory are compared with results obtained by
particle dynamics simulations in the limit of strong hydrodynamics. From this,
we draw insights into the connection between dilute theory and data for non-
dilute suspensions, and discuss the development of a scale-up theory enabling
application of the former to effectually predict the latter. Experimental measure-
ments required in the generalized nonequilibrium Stokes-Einstein relation are
discussed in Sec. 4.6. This study is concluded in Sec. 4.7 with a summary.
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4.2 Model system
We recapitulate the microrheology framework presented in Sec. 1.3.2. We
consider a suspension of Nb hard-sphere colloidal bath particles of hydrody-
namic radius a, dispersed homogeneously in a volume V of incompressible
Newtonian solvent of dynamic viscosity η and density ρ. A constant exter-
nal force, Fext, drives a “probe” particle also a hard-sphere colloid of radius
a, through the suspension. The strength of fluid inertia relative to viscous forces
defines a Reynolds number, Re = ρUa/η, where U is the characteristic veloc-
ity of the probe. Dominance of viscous forces in our system requires Re  1
such that the fluid motion is governed by Stokes’ equations. The probe num-
ber density, na, is much smaller than the number density of bath particles, nb.
The external force drives the probe to deform the microstructure while Brow-
nian motion of particles acts to recover the equilibrium configuration. The de-
gree of microstructural distortion, and its influence of probe motion, is thus
set by the strength of the probe forcing, F0, relative to the Brownian restor-
ing force, 2kT/ath, where k is Boltzmann’s constant, T is the absolute temper-
ature and ath is the thermodynamic size of particles, defining a Pe´clet number:
Pe = F0/(2kT/ath).
Particles can interact through various forces, e.g., external, hydrodynamic,
and thermodynamic forces. Here we employ the excluded-annulus model [118]
to account for short- and long-range nature of these interactions. The hydrody-
namic size of the particles, a, is set by the surface at which the no-slip condition
is obeyed. The effective size of particles can be, however, larger than their hy-
drodynamic size owing to various surface conditions, such as repulsive charges
and grafted polymer hairs utilized to sterically stabilize a dispersion. This sets
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a thermodynamic radius ath, where the no-flux condition is obeyed and deter-
mines the minimum-approach distance rmin with which two particles can ap-
proach one another. For equally-sized particles, rmin = 2ath and, in general, the
no-flux surface can extend beyond the no-slip surface, rmin > 2a.
A conservative interparticle potential V(r) serves as a simplified model for
electrostatic or steric repulsion as arises in the presence of surface roughness
or surface modifications to promote dispersion stability. This interparticle po-
tential induces an interparticle force where, in the present hard-sphere model,
particles exert no force on one another until their no-flux surfaces touch, r = 2ath,
at which an infinite potential prevents them from overlapping:
V(r) =

∞ if r ≤ rmin
0 if r > rmin.
(4.1)
The strength of hydrodynamic interactions is determined by how close two
particles can approach one another, characterized by a dimensionless interpar-
ticle repulsion range:
κ ≡ ath − a
a
. (4.2)
The interparticle repulsion varies between κ ∈ [0,∞], ranging from the limit of
strong hydrodynamic interactions (κ = 0) where particles can approach each
other closely enough to interact through lubrication interactions to the limit of
weak hydrodynamic interactions (κ  1) where the long-range repulsion keeps
particles sufficiently separated such that even long-range hydrodynamic inter-
actions are negligible.
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4.3 Generalized non-equilibrium Stokes-Einstein relation
In the original work, Zia and Brady [154] demonstrated that an naive appli-
cation of the equilibrium Stokes-Einstein relation to a nonequilibrium colloidal
suspension yields quantitative differences from results obtained from statistical
mechanics and Brownian dynamics simulations in the limit of weak hydrody-
namic interactions. They identified that such differences arise from the very
origin of the governing equations: while an equation of state is sufficient to ac-
count for particle migrations solely due to diffusion at equilibrium, a nonequi-
librium system should be described by an equation of motion to account for
both diffusive and advective fluxes, giving rise to a nonequilibrium Stokes-
Einstein relation [154]. In this section, we generalize the original theory for a
hydrodynamically interacting system.
The momentum balance in the Stokes flow regime reads [154],
0 = ∇ · 〈Σ〉 + na〈Fext〉 + na〈Fint〉, (4.3)
where the angle brackets denote an ensemble average over all permissible posi-
tions of the bath particles relative to the probe, Σ is the stress tensor associated
with the probes, and the equivalence between the probe phase stress and the
suspension stress was discussed in previous work [154, 34]. In Eq. (4.3), Fint is
an interactive force between the probes and the surrounding material (solvent
and bath particles), written constitutively as [154],
na〈Fint〉 = −na〈R · U〉 + 〈 f P〉 = −〈R · j〉 + 〈 f P〉, (4.4)
where R is an anisotropic tensor describing the resistance of the medium to
the probes’ motion, j = naU is the probe flux, and f P is an isotropic pressure
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flux arising from the entropic restriction due to the presence of bath particles.
Substituting Eq. (4.4) into Eq. (4.3) gives,
0 = ∇ · 〈Σ〉 + na〈Fext〉 − 〈R · j〉 + 〈 f P〉. (4.5)
Equation (4.5) can be written as a linear combination of the equilibrium and
nonequilibrium parts, denoted by the superscript eq and neq, respectively,
0 = ∇ · 〈Σeq〉 + ∇ · 〈Σneq〉 − 〈(R · j)eq)〉 − 〈(R · j)neq)〉 + 〈 f eqP 〉 + 〈 f neqP 〉 + na〈Fext〉. (4.6)
Simplification of Eq. (4.6) can be made by considering the momentum balance
at and away from equilibrium. In the former case, when external force is absent
and particles are driven solely by particle-density-gradient-diffusion, Fext = 0
and ∇ · 〈Σeq〉 , 0, giving
0 = ∇ · 〈Σeqm〉 − 〈(R · j)eqm)〉 + 〈 f eqmP 〉; (4.7)
whereas in the latter case, the flow-induced nonequilibrium flux 〈(R · jneq)〉
should contain both advective and diffusive contributions
〈(R · jneq)〉 = 〈Rneq · jneq〉 + 〈Rneq′ · jneq′〉 = 〈Rneq〉 · 〈 jneq〉 + 〈Rneq′ · jneq′〉, (4.8)
where the definition that the average of a product is the sum of the product of
the averages and the average of the fluctuations is applied. In Eq. (4.8), the first
term on the right-hand side corresponds to the mean advective motion of the
probe, Rneq ≡ Radv and jneq ≡ jadv, and thus allows the dot-product to be taken
outside the ensemble average. The second term is the diffusive flux, Rdi f f ≡ Rdi f f
and jneq
′ ≡ jdi f f . Combining Eqs. (4.6)-(4.8), the momentum balance becomes,
−∇ · 〈Σneq〉 = −〈Rdi f f · jdi f f 〉 + na〈Fext〉 − 〈Radv〉 · 〈 jadv〉 + 〈 f neqP 〉. (4.9)
So far, we have derived a macroscopic momentum balance of the particle
stress, Eq. (4.9), which is identical to the one for a non-hydrodynamically inter-
acting system [154]. However, to generalize the original theory to one applicable
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to a hydrodynamically interacting suspension, one must obtain a quantitative
description of the effect of hydrodynamic interactions. In the following, we will
constitutively model the flux on the right-hand side of Eq. (4.9).
We begin by modeling the nonequilibrium diffusive flux, 〈Rdi f f · jdi f f 〉. The
presence of the microstructure in a suspension hinders the probe’s mean mo-
tion, and probe/bath particle encounters deflect the probe from its mean path.
These nonequilibrium fluctuations are characterized by the flow-induced dif-
fusivity D f low, which is the O(φb) forced-induced diffusion of the probes, also
known as the microdiffusivity [153, 68, 69] (cf. Appendix E)). The volume frac-
tion of bath particles is defined as φb = 4pinba3/3. Here, we assume a Fickian
form for the diffusive flux,
jdi f f = −Dmicro · ∇na. (4.10)
We recognize that the evolution of the microstructure and the fluctuation field,
and in turn the diffusive flux, alters as the strengths of flow and hydrodynamic
interactions vary. Thus, we account for the configuration-dependent fluctua-
tions by D f low, and since configuration-dependence has been represented, the
diffusive resistance tensor is captured by the resistance experienced by an iso-
lated particle, Rdi f f = Ra ≡ 6piηaI. Overall, the diffusive flux is written as
〈Rdi f f · jdi f f 〉 = Ra · Dmicro · ∇na. (4.11)
Next, we model the flux induced by the external force, na〈Fext〉 [cf. Eq. (4.9)].
The presence of the microstructure hinders the probe’s mean motion, giving
rise to an effective suspension viscosity higher than the solvent viscosity. The
effective viscosity changes with the degree of microstructural distortion which,
in turn, depends on the flow strength and the range of entropic repulsion asso-
ciated with the strength of hydrodynamic interactions (cf. Appendix D)). The
150
advective motion of the probes can be related to the configuration-dependent
effective viscosity ηe f f of a suspension via the Stokes’ drag law [124, 78, 131]
〈Fext〉 ≡ 〈FextF 〉 = Fext =
η
e f f
F
η
Ra · 〈U〉 = RF · 〈U〉, (4.12)
and
〈FextU 〉 =
η
e f f
U
η
Ra · U = RU · U, (4.13)
where the subscripts F and U correspond to active microrheology operated
under the fixed-force and fixed-velocity mode, respectively. In the fixed-force
mode, a probe is driven by a fixed external force and experiences fluctuating
motion. In contrast, in the fixed-velocity mode, the probe velocity is fixed and
the external force is the fluctuating quantity. In dilute suspensions where pair-
interactions dominate, the microviscosity ηmicro is defined as the O(φb) coefficient
of the effective viscosity
ηe f f
η
= 1 + ηmicroφb + O(φ2b). (4.14)
The flux na〈Fext〉 can then be expressed in terms of the microviscosity as,
na〈Fext〉 = na
(
1 + ηmicroF φb
)
Ra · 〈U〉. (4.15)
In addition to the flux above, the external force induces another advective
flux 〈Radv〉 · 〈 jadv〉 associated with the mean motion of the probe [cf. Eq. (4.9)]. In
modeling the advective resistance tensor 〈Radv〉, one must account for the differ-
ence between the fixed-force and fixed-velocity motion [154]: the drag experi-
enced by a probe in the fixed-force mode is lower by virtue of the freedom of
fluctuations in its motion. Since we are considering fixed-force active microrhe-
ology, we follow Zia and Brady [154] to model the advective resistance tensor
constitutively as
〈Radv〉 = (RU − R˜), (4.16)
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where RU = Ra(ηe f fU /η) [cf. Eq. (4.13)], and R˜ = R(η˜/η) is the additional resistance
experienced by a fixed-velocity probe, and its magnitude is proportional the the
number of particle encounters, i.e. η˜/η = φb. However, the magnitude of particle
flux depends not only on the frequency of particle encounters but also on their
strength and duration [34]. The latter two factors are accounted for by relating
the fixed-velocity and fixed-force microviscosity via the anisotropic tensor α
RU = Ra ·
[
I + (I + α)ηmicroF φb
]
, (4.17)
with
α =

α⊥ 0 0
0 α⊥ 0
0 0 α‖
 =

f (κ)D f low‖ /D
f low
⊥ 0 0
0 f (κ)D f low‖ /D
f low
⊥ 0
0 0 xa11[(x
a
11 + y
a
11)/2]
 . (4.18)
where xai j = x
a
i j(2ath, κ) and y
a
i j = y
a
i j(2ath, κ) are the components of the hydro-
dynamic mobility function that couples the force on particle j to the induced
translational velocity of particle i, and they govern the motion of particle i and j
along and transverse to their line of centers, respectively [75]. Here, the contact
values of xa11 and y
a
11 are taken, and thus they are functions of κ. Physically, the
additional drag in the direction parallel to the external force α‖ηmicroF is chiefly
governed by the longitudinal mobility xa11, as the drag in a squeezing flow is
higher than that in a shearing flow. However, the external force does not al-
ways align with the axis longitudinal to the centers of two particles throughout
a particle encounter. This geometric effect, in addition to the effect of transverse
relative motion, is accounted for by a correction estimated as [(xa11 + y
a
11)/2]. In
contrast, in the direction perpendicular to the external force, the additional drag
α⊥ηmicroF changes with the anisotropy in diffusivity. It can be understood that a
probe driven by a fixed velocity permits no fluctuations, and the additional drag
in the perpendicular direction on a fixed-force probe relates to the strength of
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its fluctuations, measured by the ease of a probe to fluctuate in the direction
parallel to the external force D f low‖ relative to that in the perpendicular direction
D f low⊥ . The flow-induced diffusivity parallel and perpendicular to the line of the
external force, D f low‖ and D
f low
⊥ , are obtained by projecting the tensor in the cor-
responding directions, D f low‖ = D
f low : ezez and D f low⊥ = D
f low : eyey, where ez and
ey are the unit vectors in the direction parallel and perpendicular to the exter-
nal force, respectively. The anisotropy of the diffusivity D f low‖ /D
f low
⊥ is comple-
mented by the equilibrium diffusivity f (κ) ∼ Deq, which must be present due to
the structure regardless of the strength of flow. Plots of α‖ and α⊥ are presented
in Appendix E). Overall, the advective flux 〈Radv〉 · 〈 jadv〉 is written constitutively
as
〈Radv〉 · 〈 jadv〉 = na
[
I + (I + α)ηmicroF φb − φb
]
· Ra · 〈U〉. (4.19)
The remaining term to be modeled in Eq. (4.9) is the nonequilibrium parti-
cle pressure 〈 f neq〉, which arises from bombardments of the embedded colloidal
particles onto a fictitious boundary of a suspension [154, 34, 35]. A traveling
probe imparts energy into a suspension, simultaneously increasing fluctuations
of the embedded particles and thus osmotic pressure in the system. Analogous
to the kinetic theory of molecular gas, these fluctuations can be modeled as an
effective temperature of the system [154]. Since temperature is proportional to
the average of the square of the probes’ velocity fluctuations, which is also pro-
portional to the flow-induced diffusivity, the nonequilibrium pressure can be
written as,
〈 f neq〉 = 1
3
tr(D f low)Ra · ∇na, (4.20)
where this “force-induced temperature” is assumed to be isotropic.
Inserting Eqs. (4.11), (4.15), (4.19) and (4.20) into Eq. (4.9), the momentum
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balance becomes,
−∇ · 〈Σneq〉 = Ra · D f low · ∇na−naφb
(
αηmicroF − I
)
·Ra · 〈U〉+ 1
3
tr(D f low)Ra · ∇na. (4.21)
Equation (4.21) can be simplified by approximating the gradient of the probes’
number density by a Fickian scaling,
∇na ∼ jD f low ∼
naU
D f low
∼ naPeDa
D f lowa
, (4.22)
where D f low = D f low/φb is the magnitude of the flow-induced diffusivity, and the
relation for a dilute suspension [154],
∇ · 〈Σneq〉 = ∂〈Σ
neq〉
∂na
· ∇na = 〈Σ
neq〉
na
· ∇na, (4.23)
the momentum balance reads,
−〈Σ
neq〉
nakT
=
(
2I − ηmicroF α
)
· D
f low
Da
+
1
3
tr
(
D f low
Da
)
I. (4.24)
Rearrangements leads to the Stokes-Einstein form,
D f low = −
(
Σneq
na
+ P
)
· Mneq, (4.25)
where P ≡ Ra · tr(D f low)I/3, and the nonequilibrium mobility tensor is given by,
Mneq =
(
2I − ηmicroF α
)−1 · Ma, (4.26)
where Ma = I/6piηa. Taking into account the effect of hydrodynamic interac-
tions, Eq. (4.25) is a generalized nonequilibrium Stokes-Einstein relation — a
nonequilibrium fluctuation-dissipation relation, where the imparted energy to
a suspension, represented by Σneq and P, drives fluctuations D f low, and is dis-
sipated back to the solvent precisely by viscous drag (Mneq)−1. In Sec. 4.4, we
test this relation by comparing its prediction to results obtained from statistical
mechanics theory.
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4.4 Results
The generalized nonequilibrium Stokes-Einstein relation, Eq. (4.24), ex-
presses suspension stress as an balance between nonequilibrium fluctuation and
dissipation. To test this relation, in this section we compare its prediction [the
right-hand side of Eq. (4.24)] with the statistical mechanics theory [the left-hand
side of Eq. (4.24)] via four quantities, namely the suspension stress parallel and
perpendicular to the line of the external force, the first normal stress difference,
and the particle osmotic pressure, for the full range of flow strength and strength
of hydrodynamic interactions, spanning four decades of Pe and eight decades of
κ. Details of the suspension stress and its statistical mechanics theory are given
in Chapters 2 and 3. We begin with analyzing the normal stresses.
4.4.1 Normal stresses
The suspension stress is a second-order tensor with six independent ele-
ments for an isotropic material. In microrheology, only the normal stresses,
Σxx, Σyy and Σzz, are nonzero owing to the axisymmetric microstructure around
the probe. The axisymmetric geometry also produces identical normal stresses
along the orthogonal axes, Σyy = Σxx. This leaves only two relevant quantities:
the normal stresses acting parallel and perpendicular to the direction of the ex-
ternal force, Σ‖ ≡ Σzz and Σ⊥ ≡ Σyy = Σxx, which are obtained by projecting the
stress tensor in the corresponding directions. The generalized nonequilibrium
Stokes-Einstein relations for the normal stresses read
− 〈Σ
neq
‖ 〉
nakTφb
=
(
2 − α‖ηmicroF
) D f low‖
Daφb
+
1
3
D f low‖ + 2D f low⊥Daφb
 , (4.27)
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Figure 4.1: Nonequilibrium parallel normal stress, 〈Σneq‖ 〉, scaled by ideal
osmotic pressure nakT and volume fraction of bath particles φb,
as a function of flow strength Pe for (a) asymptotically weak
(κ  1) and strong hydrodynamic interactions (κ  1), and (b)
various intermediate strengths of hydrodynamic interactions.
Solid lines: statistical mechanics model [154, 34], left-hand side
of Eq. (4.27). Squares: phenomenological model, right-hand
side of Eq. (4.27).
− 〈Σ
neq
⊥ 〉
nakTφb
=
(
2 − α⊥ηmicroF
) D f low⊥
Daφb
+
1
3
D f low‖ + 2D f low⊥Daφb
 . (4.28)
We test the generalized nonequilibrium Stokes-Einstein relation first by ex-
amining the parallel normal stress in the asymptotic limit of weak and strong
hydrodynamic interactions, κ  1 and κ  1 respectively. Prediction from the
new theory, right-hand side of Eq. (4.27), is plotted in Fig. 4.1(a) as a function
of the flow strength, Pe, along with the results obtained from statistical me-
chanics model [154, 34], left-hand side of Eq. (4.27). In the asymptotic limit
of weak hydrodynamics (black line and squares), the phenomenological model
gives excellent prediction of the stress for the entire range of flow strength and,
in particular, recovering the low- and high-Pe scalings in the asymptotic limits
of weak and strong flow. In the opposite limit of strong hydrodynamics (red
line and squares), the phenomenological model captures the effects of hydrody-
namic interactions accurately: hydrodynamics suppress normal stresses, where
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Figure 4.2: Nonequilibrium perpendicular normal stress, 〈Σneq⊥ 〉, scaled by
ideal osmotic pressure nakT and volume fraction of bath parti-
cles φb, as a function of flow strength Pe for (a) asymptotically
weak (κ  1) and strong hydrodynamic interactions (κ  1),
and (b) various intermediate strengths of hydrodynamic in-
teractions. Solid lines: statistical mechanics model [154, 34],
left-hand side of Eq. (4.28). Squares: phenomenological model,
right-hand side of Eq. (4.28).
the reduction is quantitative and qualitative in the low- and high-Pe regimes,
respectively [34]. Parallel normal stresses of various intermediate strengths of
hydrodynamic interactions are plotted in Fig. 4.1(b). The prediction by the new
theory and statistical mechanics theory matches very well for all values of Pe
and κ.
The comparison for the perpendicular normal stress is plotted in Fig. 4.2.
The phenomenological model offers accurate predictions for the full range of
flow strength and hydrodynamics, and it captures the monotonically decreasing
trend of the stress with increasing strength of hydrodynamic interactions — a
significant manifestation of the suppressive nature of hydrodynamics [34].
157
(a) ⇠ Pe
⇠ Pe2
⇠ Pe0.799
⇠ Pe4
Stat. Mech. Phen. Model
103
10-5
0.0001
0.001
0.01
0.1
1
10
100
1000
- 〈
N 1
ne
q 〉
 / n
akT
φ b
0.01 0.1 1 10 100
Pe
(b) Stat. Mech. Phen. Model
1
10-1
10-2
0.0001
0.001
0.01
0.1
1
10
100
1000
- 〈
N 1
ne
q 〉
 / n
akT
φ b
0.01 0.1 1 10 100
Pe
Figure 4.3: Nonequilibrium first normal stress difference, 〈Nneq1 〉, scaled by
ideal osmotic pressure nakT and volume fraction of bath parti-
cles φb, as a function of flow strength Pe for (a) asymptotically
weak (κ  1) and strong hydrodynamic interactions (κ  1),
and (b) various intermediate strengths of hydrodynamic in-
teractions. Solid lines: statistical mechanics model [154, 35],
left-hand side of Eq. (4.29). Squares: phenomenological model,
right-hand side of Eq. (4.29).
4.4.2 Normal stress differences
Owing to the axisymmetry of the microstructure, the second normal stress
difference is identically zero regardless of the strength of flow and hydrody-
namic interactions (cf. Sec. sec:Sec3). In this section, we focus on testing the
generalized nonequilibrium Stokes-Einstein relation via the first normal stress
difference, defined as N1 ≡ Σzz − Σyy. The corresponding expression from the
generalized nonequilibrium Stokes-Einstein relation read
− 〈N
neq
1 〉
nakTφb
=
(
2 − α‖ηmicroF
) D f low‖
Daφb
−
(
2 − α⊥ηmicroF
) D f low⊥
Daφb
. (4.29)
Fig. 4.3(a) shows the first normal stress difference evaluated from the gen-
eralized nonequilibrium Stokes-Einstein relation, right-hand side of Eq. (4.29),
and that from statistical mechanics theory [154, 35], left-hand side of Eq. (4.29),
in the limits of asymptotically weak (κ  1) and strong hydrodynamic inter-
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actions (κ  1). In the limit of weak hydrodynamics (black line and squares),
the phenomenological model predicts the strong-flow response accurately, but a
discrepancy is shown when flow is weak. The latter can be explained that in the
dual limit of weak flow and hydrodynamics, normal stresses are induced solely
by elastic interparticle collisions between the probe and surrounding bath par-
ticles, and grow as Pe2 [cf. Figs. 4.1(a) and 4.2(a)]. At equilibrium, the collisions
are equally likely in the parallel and perpendicular directions as reflected from
the identical scalar coefficients of the Pe2 contribution of the normal stresses
which, cancel precisely, leading to a much smaller Pe4 first normal stress differ-
ence [35]. Thus, given the smallness and the sensitivity to Pe of the first normal
stress difference at this limit, any minor discrepancies in predicting the nor-
mal stresses would cause inaccuracy in capturing such a weak response. How-
ever, we emphasize that such discrepancy is relatively insignificant since normal
stress differences at Pe < 1 is practically formidable to measure [149, 122, 56, 54]
and, to practical concern, the more important strong-flow response is captured
accurately.
In the opposite limit of strong hydrodynamics (red line and squares), the
prediction by the new theory agrees well with the statistical mechanics results.
Good agreement between two sets of data is also demonstrated for other values
of κ [panel (b)]. In particular, the phenomenological model captures the change
of sign of the first normal stress difference with Pe for suspensions with mod-
erately strong hydrodynamics that still permit interparticle collisions (κ = 1). In
prior work, a novel mechanism was identified that interparticle repulsion alone
can lead to such sign change [35], instead of owing to the growing dominance
of hydrodynamic over Brownian forces [50, 19].
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Figure 4.4: Nonequilibrium osmotic pressure, 〈Πneq〉, scaled by ideal os-
motic pressure nakT and volume fraction of bath particles φb,
as a function of flow strength Pe for (a) asymptotically weak
(κ  1) and strong hydrodynamic interactions (κ  1), and (b)
various intermediate strengths of hydrodynamic interactions.
Solid lines: statistical mechanics model [154, 35], left-hand side
of Eq. (4.30). Squares: phenomenological model, right-hand
side of Eq. (4.30).
4.4.3 Osmotic pressure
In addition to an anisotropic deformation of a suspension described by the
normal stress differences, the presence of particles brings forth a osmotic pres-
sure governing an isotropic expansion or contraction. In this section, we test the
generalized nonequilibrium Stokes-Einstein relation by comparing its predic-
tion of the particle pressure with that by the statistical theory. The generalized
nonequilibrium Stokes-Einstein relation for the osmotic pressure reads
〈Πneq〉
nakTφb
=
1
3
D f low‖ + 2D f low⊥Daφb

3 − ηmicroF
α‖D f low‖ + 2α⊥D f low⊥D f low‖ + 2D f low⊥

 . (4.30)
The particle osmotic pressure predicted by the new theory [right-hand side
of Eq. (4.30)] and the micromechanical model (left-hand side) is plotted in
Fig. 4.4(a) in the limits of asymptotically weak and strong hydrodynamic inter-
actions. In both limits, the prediction by the phenomenological model matches
160
very well with the statistical mechanics theory. When flow is weak, the osmotic
pressure grows quadratically with Pe regardless of the strength of hydrody-
namic interactions. The pressure increases with flow strength and, when flow is
strong, it scales as Pe0.799 in the limit of strong hydrodynamics, and as Pe when
hydrodynamic interactions are weak. The predictions for other strengths of hy-
drodynamics are plotted in panel (b), and excellent agreements are also seen for
the full range of Pe.
Overall, we showed an very good agreement between results obtained from
the generalized nonequilibrium Stokes-Einstein relation and the statistical me-
chanics theory. The accurate predictions shown by the new model have two
major impacts: first, in prior work only the microviscosity and flow-induced
diffusivity could be measured. The present model broadens the scope of ac-
tive microrheology such that the suspension stress can be inferred from the
mean (microviscosity) and mean-square motion (flow-induced diffusivity) of
a probe particle via a nonequilibrium balance of stress, dissipation and fluctua-
tions. Second, evaluating the suspensions stress from statistical theory demands
information of the microstructure, which is labor-intensive and can be tedious
in practice. The present model circumvents this problem and permits deter-
mination of the suspension stress form the motion of a single probe particle.
In Sec. 4.5, we shall further compare these results with Accelerated Stokesian
Dynamics simulations, and discuss the development of a scaling theory for the
stress in suspensions with different particle concentrations.
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4.5 Accelerated Stokesian Dynamics simulations
We begin with a brief review of the Stokesian Dynamics simulation frame-
work. The basis of Stokesian Dynamics simulations is to obtain the evolution
of particle positions in a suspension [22, 121, 8]. For a system of N hard-sphere
colloidal particles of hydrodynamic radius a dispersed homogeneously in an
incompressible, Newtonian solvent of dynamic viscosity η and density ρ, the
particle motion is described by the coupled N-body Langevin equation
m · dU
dt
= Fext + FH + FB + FP, (4.31)
where m is a generalized mass/moment of inertia tensor of dimension 6N × 6N
and U is a vector of dimension 6N for the translational/rotational particle ve-
locities relative to the solvent. The force/torque vectors F on the right-hand
side are of dimension 6N, comprising contributions from external, hydrody-
namic, Brownian and interparticle forces. In colloidal suspensions, particle size
is small, and fluid and particle inertia are negligible.
In fixed-force active microrheology, there is no externally applied forces or
torques on all particles, Fext = 0, except on the probe. As a particle moves rel-
ative to the solvent, the solvent exerts hydrodynamic forces and torques on the
particle. In Stokes flow, moments of the hydrodynamic surface traction acted
on the particles are linearly coupled to the particle motion,
FH = −RFU · U, (4.32)
where the configuration-dependent hydrodynamic resistance tensor RFU is the
kernal for the coupling.
The random Brownian force and torque FB arise due to the collisions be-
tween the particle and solvent molecules during time intervals much longer
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than the inertial relaxation time scale of the particle τI = m/6piηa. The Brownian
force and torque satisfy Gaussian statistics: they are zero on average, but has a
nonzero temporal correlations on τI ,
FB = 0, FB(0)FB(t) = 2kTRFUδ(t), (4.33)
where the overbar denotes a noise averaging over times much longer than in-
dividual solvent collisions and long compared to τI , and δ(t) is the Dirac delta
function.
The interparticle force, FP, is general to represent any non-hydrodynamic,
deterministic force, e.g. electrostatic forces or frictional force as arises in the
presence of particle roughness. In the present simulation framework, we em-
ploy a hard-sphere force, FP = kT rˆδ(r− 2a) (r is the separation distance between
particle pairs and rˆ is the unit vector connecting centers of two particles) such
that particle overlaps are prevented by an infinite potential at contact, and the
particles exert no direct force on each other otherwise. However, since particles
interact with full hydrodynamic interactions in our model, κ = 0, where lubrica-
tion forces prohibit particles from touching, the hard-sphere interparticle force
has no effect on the evolution of particle evolution and rheology.
Evolution equations of particle position can be obtained by integrating
Eq. (4.31) over a time step ∆t which is large compared to the inertial relaxation
time of the particle, τI , but small compared to the diffusive time of the particle
τD = a2/D over which the configuration changes. We nondimensionalize the
length scale by the particle hydrodynamic radius a; and to accurately capture
the particle dynamics in different flow regimes, the diffusive time a2/D and ad-
vective time scales a/U are used when flow is weak and strong, respectively.
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The evolution equation of particle position in the weak flow regime reads
∆x = Pˆe
(
R−1FU · Fˆext
)
∆t + ∆xP + ∇ · R−1FU∆t + X(∆t) + O(∆t), (4.34a)
X = 0, X(∆t)X(∆t) = 2R−1FU∆t; (4.34b)
whereas in the strong forcing regime it is given by
∆x =
(
R−1FU · Fˆext
)
∆t + ∆xP +
1
Pˆe
∇ · R−1FU∆t +
1
Pˆe
1/2 X(∆t) + O(∆t), (4.35)
where Pˆe = F0/(kT/a), and Fˆext = Fext/F0 is the unit vector pointing in the
direction of the external probe force. In Eqs. (4.34a) and (4.35), the first term
is the particle displacement induced by the external force; the second term by
the interparticle force; the third term by the mean drift of Brownian motion due
to particle concentration gradients; and the fourth term is a random Brownian
displacement which has a zero mean and covariance given by the inverse of the
resistance tensor [cf. Eq. (4.34b)].
While the evolution of particle position is obtainable with the resistance ten-
sor RFU , computing the suspension stress requires couplings between stresslet
and particle motion. To this end, we invoke the grand resistance matrix,
R =
RFU RFERSU RS E
 , (4.36)
where RSU governs the coupling between stresslet and particle motion, and RFE
and RS E describe the coupling between force/torque and flow rate of strain,
and the coupling between stresslet and flow rate of strain, respectively. As an
improvement to the original Stokesian Dynamics framework [22, 121], the re-
sistance tensors RSU and RS E in our model are not traceless such that their trace
couple particle motion to the pressure moment on the surface of particles, giv-
ing rise to an induced particle osmotic pressure [74, 128].
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The grand resistance matrix captures hydrodynamic interactions among par-
ticles in the entire simulation domain, comprising both near-field two-body in-
teractions, and far-field many-body interactions. Since the construction of the
grand resistance matrix is standard and our focus here is to compare our new
theory with simulation results, we refer readers to the literature for further de-
tails [22, 121, 8, 128]. Equation (4.31) can now be written in a general form as0S
 = −R ·
U0
 +
F
B + FP + Fext
−rFP
 , (4.37)
where straining flow is identically zero as prescribed by the rigidity of particles
and no imposed straining flow. Once the grand resistance matrix is constructed
with particle configurations at every time step, particle motion U and stresslet
S are obtained upon solving Eq. (4.37). In this study, we conduct simulations of
187 particles, with values of Pe ∈ [0.1, 100]. An average suspension stress 〈Σ〉 is
obtained by averaging over a set of 200 simulations of 2.5 × 104 time steps each
for each Pe.
Figure 4.5 shows the simulation data (filled symbols) of the normal stresses,
first normal stress difference, and the osmotic pressure, along with the results
from the generalized nonequilibrium Stokes-Einstein relation (squares) and sta-
tistical mechanics theory (solid lines), all in the limit of strong hydrodynamics,
κ  1. We use the simulation results with the lowest bath particle volume frac-
tion, φb = 0.05 (filled circles), to compare with the phenomenological model and
the statistical mechanics theory. Very good agreements between three sets of
data are exhibited by all four quantities, especially in the strong-flow regime
where the adverse effect of Brownian noise from simulations is attenuated.
Again, the good matching of the results highlights the merit of the generalized
nonequilibrium Stokes-Einstein relation that suspension stress can be inferred
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Figure 4.5: Nonequilibrium (a) parallel and (b) perpendicular normal
stress, 〈Σneq‖ 〉 and 〈Σneq⊥ 〉, (c) first normal stress difference 〈Nneq1 〉,
and (d) osmotic pressure 〈Πneq〉, scaled by ideal osmotic pres-
sure nakT and volume fraction of bath particles φb, as a func-
tion of flow strength Pe in the asymptotic limit of strong hy-
drodynamics κ  1. Solid lines: statistical mechanics theory
[34, 35], left-hand side of Eq. (4.24). Squares: phenomenologi-
cal model, right-hand side of Eq. (4.24). Filled symbols: Accel-
erated Stokesian Dynamics simulations, φb = 0.05 (•), 0.1 (N),
0.2 (H), 0.3 (J) and 0.4 (I).
from the mean (microviscosity) and mean-square motion (flow-induced diffu-
sivity) of a single probe particle, without intensive computational simulations
or measurements of the microstructure.
The normal stresses, first normal stress difference and particle osmotic from
suspensions with higher particle volume fraction are also presented in Fig. 4.5
(filled triangles). All four quantities were shown to increase with increasing par-
ticle volume fraction. Physically, it can be understood that suspension stress can
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be interpreted as the density of entropic energy in a suspension [154, 155, 34].
As particle concentration increases, probe motion causes more configuration
distortion, meaning that more energy is stored entropically in a suspension
and, therefore, the stress increases. Interesting, the increase with particle vol-
ume fraction is not quantitative, but the Pe-scaling of the strong-flow response
strengths with increasing φb. To connect the response of suspensions with dif-
ferent concentrations, we propose a scaling theory as follows. We recall from
statistical mechanics theory that the high-Pe asymptotes of all four quantities
scale as geqm(2ath)Peδ [34, 35], where geqm(2ath) is the equilibrium structure at con-
tact and δ = (G1 − H0)/G1 is the mobility ratio with H0 and G1 associated with
the transverse and longitudinal relative mobility, respectively [75, 78]. As a sus-
pension is no longer dilute, we expect that both geqm(2ath) and δ become volume-
fraction-dependent. We propose that the concentration-dependent equilibrium
structure geqm(2ath, φb) can be estimated from the Carnahan-Starling equation of
state [31], whereas the concentration-dependent mobility ratio δ(φb) can be con-
structed with recently-derived concentrated mobility functions [157]. A detailed
discussion of the development of this scaling theory will be presented in Chap-
ter 5, and results show that the scaling theory unifies dilute and concentrated
suspensions response by collapsing the stress from different suspensions onto a
single curve. In Sec. 4.6, we discuss the experimental measurements required to
apply the nonequilibrium Stokes-Einstein relation.
4.6 Experimental measurement
The significance of the generalized nonequilibrium Stokes-Einstein theory
is pronounced: in contrast to traditional rheometry where suspension stress is
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measured either directly via stress transducers [149, 122, 56, 54] or by measuring
particle microstructure via fast or dynamic confocal microscopy [55, 91, 146],
the present theory opens a new avenue that suspension stress of a hydrody-
namically interacting suspension can be obtained simply by tracking the mean
(microviscosity) and mean-square motion (flow-induced diffusivity) of a single
probe. In the following, we discuss the measurements of these two quantities in
the experimental context.
To obtain the microviscosity, the only measurement required is the total dis-
placement of the probe motion over time, from which one can compute the av-
erage speed as 〈U〉 = d〈x〉/dt. The average speed is then utilized to evaluate the
microviscosity via the Stokes’ drag law [61, 124, 78]
ηmicroF
η
=
6piηa
F0
〈U〉, (4.38)
where angle brackets signify an average over many realizations, and F0 is the
strength of a constant probe forcing. In Eq. (4.38), the subscript F indicates
fixed-force active microrheology where the external force imposed on the probe
is fixed and the probe velocity is free to fluctuate. In fixed-velocity active mi-
crorheology [102, 126, 131], measurements are taken analogously, with the exter-
nal velocity being held fixed and the external force being the fluctuating quan-
tity.
To obtain the flow-induced diffusivity, the mean displacement of the probe
is required in addition to the total displacement
D f low =
1
2
d
dt
〈x′(t)x′(t)〉, (4.39)
where x′(t) ≡ x(t)−〈x(t)〉 is the displacement from the mean as a function of time.
Clearly from Eqs. (4.38)–(4.39), one only needs the movement of a single probe
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particle to give a full rheological description of a hydrodynamically interacting
suspension — microviscosity, flow-induced diffusivity, and suspension stress.
Detailed knowledge of the embedding material, such as microstructure of the
entire suspension, is not required.
4.7 Conclusions
We derived a generalized nonequilibrium Stokes-Einstein relation for pre-
dicting stress in a hydrodynamically interacting suspension via an active mi-
crorheology framework. This novel phenomenological model was derived
based on a volume-averaged, pointwise Cauchy equation of motion which takes
into account both advective and diffusive flux arising from the relative motion
between the probe and surrounding materials. We related the advective flux to
the reduction in the mean speed of the probe, the microviscosity, and the diffu-
sive flux to the magnitude of the fluctuating motion, the flow-induced diffusiv-
ity. A new anisotropic effective resistance tensor was constructed utilizing de-
veloped pair mobility functions to constitutively model the difference in the hy-
drodynamically coupled particle motion between fixed-force and fixed-velocity
active microrheology. The resulting balance of the nonequilibrium stress, fluctu-
ations and dissipation is the generalized Stokes-Einstein relation which enables
determination of the suspension stress from the motion of a single probe parti-
cle.
We compared the normal stresses, first normal stress difference and particle
osmotic pressure predicted by the generalized nonequilibrium Stokes-Einstein
relation to statistical mechanics theory and Accelerated Stokesian Dynamics
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simulations, and very good agreements were shown between the three sets
of data. In particular, the suppressive nature of hydrodynamics to the normal
stresses and osmotic pressure for the full range of flow strength was recovered
by the phenomenological model, and the new theory also accurately captured
the change of sign with flow strength in the first normal stress difference in a
suspension when the strength of hydrodynamics is moderate. The generalized
nonequilibrium Stokes-Einstein relation not only expands the scope of active
microrheology such that a full characterization of a suspension, including the
material stress tensor, can be obtained, but also such characterization requires
only motion of a single probe, negating the needs for otherwise labor-intensive
microstructure measurements or expensive computational simulations.
The influence of particle concentration on suspension stress response was
also studied, where the normal stresses, first normal stress difference and os-
motic pressure are all strengthened with increasing particle volume fraction.
We proposed a scaling theory collapsing stress response of concentrated sus-
pensions onto a single curve, and we referred readers to Chapter 5 for its details.
In closing of this work, we discussed the laboratory measurements required to
apply the generalized nonequilibrium Stokes-Einstein relation.
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CHAPTER 5
MICROVISCOSITY, NORMAL STRESS AND OSMOTIC PRESSURE OF
BROWNIAN SUSPENSIONS BY ACCELERATED STOKESIAN
DYNAMICS SIMULATION
5.1 Introduction
Complex fluids comprise a broad class of materials, including everyday ex-
amples such as ketchup, paint, and personal-care products as well as more ex-
otic complex fluids such as the interior of living cells, pharmaceutical prepara-
tions, and liquid crystals. What sets them apart from simple Newtonian flu-
ids is the dependence of their rheological behavior on flow. This difference
arises from the presence of a secondary, non-continuum phase that gives the
fluid a microscopic structure. Asymmetric distortion and relaxation of this
microstructure produces well-known non-Newtonian rheology, such as shear-
thinning and thickening [10, 135], viscoelasticity [107], normal stress differences
[50], and flow-induced diffusion [49], among others. Many of these effects
are explained at the pair level, while three-body interactions can further im-
pose qualitative, concentration-dependent changes in non-Newtonian rheology.
Theoretical models of suspension behavior have successfully predicted non-
Newtonian flow behavior in suspensions undergoing shear, extensional flow,
and falling-ball rheometry, i.e., macroscale flows. Microrheology is an impor-
tant complement to these macroscopic techniques, especially for interrogation
of microscopically small systems, and has successfully recovered many rheo-
logical behaviors traditionally measured via macroscale techniques, including
viscosity, diffusivity and normal stress differences. Detailed theoretical connec-
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tions of microstructure to rheology are well-established in both macroscopic and
microscopic approaches.
Non-Newtonian rheology in hard-sphere suspensions arises when mi-
crostructural symmetry is broken and this asymmetry is sustained over time
or length scales long compared to the particle relaxation time scale. In a di-
lute dispersion, where only pair interactions matter, non-Newtonian rheol-
ogy corresponds to a loss of Stokes-flow reversibility in relative pair trajecto-
ries, where Brownian motion or particle roughness, for example, drive parti-
cles off Stokes-flow trajectories. For instance, while a suspension of smooth
spheres undergoing simple shear or polydisperse sedimentation in the absence
of Brownian motion has spherically symmetric structure and Newtonian rheol-
ogy, even very weak Brownian motion destroys this symmetry, leading to flow-
dependent viscosity. In the same flows of non-colloids, particle roughness also
destroys Stokes-flow reversibility. Indeed, surface asperities as small as one ten-
thousandth of a particle size produce similar effects [40]. The excluded-annulus
model [118], which served as a simplistic, yet useful, representation simulating
various surface conditions, has been employed to incorporate the effect of par-
ticle roughness into the dilute theory and recover non-Newtonian behaviors.
However, missing in all these dilute models is the detailed effect of three-body
interactions.
Many-body interactions give rise to qualitative changes in suspension rheol-
ogy that cannot be captured by the dilute theory where only pair-level particle
interactions are considered. The leading-order effect is the loss of Stokes-flow
fore-aft symmetry, time reversibility, and thus Newtonian rheology. The pres-
ence of three-body or higher-order interactions breaks fore-aft symmetry, but
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in principle, particle trajectories are still time reversible. As a result, if the ini-
tial configuration is random, the structure of the suspension is still symmetric
on average, even though for one realization a third particle breaks the fore-aft
symmetry. To trigger non-Newtonian rheology, time reversibility must be de-
stroyed, which is nearly unavoidable in experiments or simulations, owing to
the chaotic sensitivity of three-body trajectories to infinitesimally small pertur-
bations, such as residual Brownian motion or particle roughness. That is, in the
presence of many-body hydrodynamic interactions, small perturbations quickly
amplify and propagate to give time-irreversible suspension mechanics. This
idea was first discussed by Leighton and Acrivos [90] in their seminal study
of shear-induced migration of non-colloids, an effect the authors attributed to
irreversible diffusion arising from a combination of many-body hydrodynamic
interactions and particle roughness. More recent work has captured this behav-
ior, beginning most notably with the study of Jnosi et al. [76], who numerically
modeled the sedimentation of three particles in Stokes flow, showing that par-
ticle motions are extremely sensitive to their initial configurations. They found
that the particle trajectories separate exponentially in time with a positive Lya-
punov exponent, thus quantifying the chaotic nature of hydrodynamic interac-
tions. Marchioro and Acrivos [99] and Drazer et al. [42] connected this phe-
nomenon to many-body interactions between sheared non-colloids and resul-
tant non-Brownian diffusion. They further showed that, in simple shear flow of
non-colloids, even if all external and microscopic forces are deterministic, par-
ticle trajectories are stochastic and chaotic. When particle roughness is signifi-
cant, pair encounters break fore-aft symmetry, and thus produce an O(φ) trans-
verse diffusivity, where φ is the particle volume fraction of the suspension. For
nearly smooth particles, three-body hydrodynamic interactions are responsible
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for the loss of fore-aft symmetry, giving rise to irreversible diffusion that scales
as O(φ2). Pine et al. [115] found a threshold shear rate that separates reversible
particle trajectories from chaotic behaviors, by measuring the diffusivity of non-
colloidal particles in an oscillatory shear flow with both experiments and sim-
ulations. Overall, these studies show that small perturbations and three-body
interactions are essential to introducing time irreversibility, but how three-body
hydrodynamic interactions quantitatively give rise to non-Newtonian rheology
is still not clear.
One way to view the shear-rate and concentration dependence of loss of
Stokes-flow symmetry, and its connection to the influence of many-body hydro-
dynamic interactions on non-Newtonian rheology, is to recognize that from a
trajectory perspective, the loss of memory occurs as a pair encounter progresses.
In the present work, we utilize Accelerated Stokesian Dynamics (ASD) simula-
tions to study the effect of many-body hydrodynamic interactions on particle
trajectories, microstructure, and non-Newtonian rheology. To focus on the con-
nection between particle trajectories and non-Newtonian rheology, we study
flow-dependent rheology via active microrheology, in both dilute and concen-
trated suspensions with varying volume fraction and strength of probe forcing.
The active microrheology framework has been described in a review article by
Zia [152].
The ASD algorithm rigorously accounts for many-body far-field hydrody-
namic interactions and near-field lubrication interactions, thus allowing the
study of suspensions ranging from dilute to maximum packing. Here, we study
the evolution of structure and rheology as it evolves with strength of probe forc-
ing. The microviscosity, normal stresses, normal stress differences and osmotic
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pressure are measured over a range of volume fractions, 0.05 ≤ φ ≤ 0.4. We
find that, as concentration increases, the osmotic pressure and normal stresses
increase, indicating greater storage of flow energy relative to that dissipated by
viscous drag. Structural distortion is more pronounced as volume fraction in-
creases, supporting this view. An increase of osmotic pressure with increasing
volume fraction is unsurprising at equilibrium, given the connection of osmotic
pressure to the chemical potential. The viscosity also increases as concentra-
tion grows. An increase in dissipation (viscosity) with increasing volume frac-
tion also makes sense physically, if one draws on a similar dependence at equi-
librium where no-slip surfaces increase stress and viscosity. However, under
flow, at the pair level, hydrodynamic coupling lengthens the duration of pair
encounters, suppressing the formation of structural asymmetry and thus non-
Newtonian rheology. One might then expect an increase in concentration to ex-
aggerate this response. While we do find that increasing volume fraction drives
up the non-equilibrium viscosity, we find just the opposite for the normal stress
difference and osmotic pressure: increasing volume fraction leads to increased
structural asymmetry and enhanced energy storage. This behavior must owe its
origins to three-body and higher-order hydrodynamic interactions. We hypoth-
esize that the loss of time- and fore-aft symmetry of relative trajectories caused
by three-body hydrodynamic interactions leads to this behavior. To interrogate
this idea, we developed scaling theories to bridge the dilute theory for the rhe-
ological quantities in suspensions to arbitrary concentration, where the concen-
trated mobility functions derived recently by Zia et al. [157] are introduced to
collapse the concentrated results onto dilute theory. Agreement between our
scaling theory and simulation results in suspension stress suggests that three-
body hydrodynamic interactions are most pronounced when probe forcing is
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strong. Further study shows that the transverse mobility of the particle pair in
the presence of the third particle is responsible for the non-Newtonian rheol-
ogy, since physically it gives rise to loss of fore-aft symmetry. In weak probe
forcing, the irreversibility from three-body encounters is not important because
advection is weak.
The remainder of this paper is organized as follows: in Sec. 5.2, the microrhe-
ology model system is presented, where the excluded annulus model is utilized
to tune the strength of hydrodynamic interactions. The method to evaluate
microviscosity and suspension stress from the particle motion is addressed in
Sec. 5.3, followed by presentation of the simulation techniques in Sec. 5.4 for the
evolution of particle configurations from N-body Langevin equations. Results
are presented in Sec. 5.5, beginning with the evolution of the non-equilibrium
microstructure under weak to strong probe forcing and dilute to dense parti-
cle concentration. Focus is placed on the microviscosity, normal stresses par-
allel and perpendicular to the direction of the external force, the normal stress
difference and the osmotic pressure. The quantities are measured for the full
range of forcing, spanning five decades of probe forcing and for volume frac-
tion 0.05 ≤ φ ≤ 0.4, revealing an important transition from the dilute, two-body
interaction-dominated regimes to concentrated regimes, where three-body hy-
drodynamic interactions also matter. To gain insight into the role of many-body
hydrodynamic interactions in Non-Newtonian behaviors, we developed a scal-
ing theory to bridge the concentrated rheology to the dilute theory. The study
is concluded in Sec. 5.6 with a summary.
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5.2 Microrheology model system
We recapitulate the microrheology framework presented in Sec. 1.3.2. We
consider a suspension of neutrally buoyant, colloidal hard spheres all of hydro-
dynamic radius a, immersed in an incompressible Newtonian fluid of density
ρ and dynamic viscosity η. In active microrheology, a probe particle is dragged
by an external force, Fext, through a bath of particles. The characteristic velocity
U of probe motion sets the Reynolds number, Re ≡ ρUa/η. Because the probe
and bath particles are small, Re  1, inertial forces can be neglected and thus
the fluid mechanics are governed by the Stokes equations. The probe number
density, na, relative to the number density of bath particles, nb, is small. Probe
motion distorts the equilibrium microstructure while the Brownian motion of
the bath particles acts to recover their equilibrium configuration. This gives rise
to an entropic restoring force, kT/a, where k is Boltzmann’s constant and T is the
absolute temperature. The degree of distortion of the microstructure, and hence
its influence on probe motion, is set by the strength of probe forcing, Fext, rela-
tive to the entropic restoring force, defining a Pe´clet number: Pe = Fext/(kT/a).
The volume fraction of bath particles is defined as φb ≡ (4pia3/3)Nb/V , where Nb
is the number of bath particles, and V is the system volume.
As discussed in Sec. 1.3.2, the strength of hydrodynamic interactions are de-
termined by how close particles can approach each other, characterized by the
dimensionless interparticle repulsion range, κ ≡ (ath − a)/a. The (effective) ther-
modynamic size of particles ath arises from various surface conditions such as
surface roughness or grafted polymers, and may be larger than the hydrody-
namic size a. In the Stokesian Dynamics simulation framework utilized in this
work, we focus on examining the structure and rheological response in the limit
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of strong hydrodynamics, where κ = 0.
5.3 Measurement of rheological quantities
Dynamic simulations provide the same particle displacements and interac-
tions as would be measured in experiments. Here we relate probe behavior and
bath particle configurations to the rheological quantities we seek. We begin with
the microviscosity, which is related to average probe speed via Stokes’ drag law.
This is followed by the suspension stress, and its connection to particle config-
uration.
5.3.1 Microviscosity
In microrheology, since the probe is dragged through a suspension, the
neighboring particles are entrained by the motion of the probe. The perturbed
bath particles changes the equilibrium configuration, formed a microstructure.
This microstructure in turn hinders the probe, slowing its motion. Squires and
Brady [124] and Khair and Brady [78] interpreted the mean-speed reduction as
a viscous drag of the bath and defined an effective viscosity ηe f f via the applica-
tion of Stokes’ drag law:
ηe f f
η
≡ F
ext
6piηa〈U〉 , (5.1)
where 〈U〉 = −〈U〉 · Fext/Fext, and 〈U〉 is the velocity of the probe, averaged over
many encounters with background particles.
The effective viscosity can be written as that due to the solvent drag on the
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probe, plus the drag due to microscopic forces between the probe and the bath
particles:
ηe f f
η
= 1 +
ηmicro
η
. (5.2)
The microviscosity, ηmicro, measures the viscosity arising from both the equilib-
rium hindrance due to the presence of the particles, and that due to the non-
equilibrium distortion of the particle structure. Combing Eqs. (5.1) and (5.2)
gives the expression of microviscosity,
ηmicro
η
=
Fext
6piηa〈U〉 − 1, (5.3)
In experiments and simulation, the microviscosity is measured in a straightfor-
ward way as the mean probe velocity over a range of time, whereas in theory
it is calculated as an integration over the whole space via probe-bath mobility
couplings [124, 78].
5.3.2 Suspension stress
In rheology, the bulk stress 〈Σ〉 can be divided into fluid-phase stress and
particle-phase stress [11, 14]:
〈Σ〉 = 〈p〉I + 2η〈E〉 + 〈Σp〉, (5.4)
where 〈p〉 is the pressure of the incompressible fluid, I is the identity tensor,
2η〈E〉 is the deviatoric stress contribution from the fluid, and 〈Σp〉 is the particle-
phase stress. The stresses are ensemble averaged over the whole volume V con-
taining N bath particles, denoted as 〈·〉. In active microrheology, the particle-
phase stress, 〈Σp〉, is studied by Chu and Zia [34] for dilute suspensions, where
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they divided the particle-phase stress into non-hydrodynamic and hydrody-
namic contributions, respectively,
〈Σp〉 = −nakT I − na〈rFP〉 + na
(
〈S〉H,ext + 〈S〉B + 〈S〉P,dis
)
. (5.5)
The first term, −nakT I, is the equilibrium particle stress from thermal fluc-
tuations of Brownian particles. The second term, −na〈rFP〉, is the non-
hydrodynamic interparticle stress and originates from interparticle elastic colli-
sions. The remaining term represents the particle-phase stress arising from hy-
drodynamic interactions. The stresslets, S, correspond to the symmetric part of
the first moment of the stress tensor. Physically, microscopic forces induce rela-
tive motion between particles. The relative motion further gives rise to stresslet
on the particle surfaces since particles are hydrodynamically coupled. Specif-
ically, the stresslets induced by external probe forcing, Brownian motion, and
interparticle forces are represented by stresslets SH,ext, SB, and SP,dis, as shown in
Equation 5.5. These stresslets are formulated as:
〈SH,ext〉 = −〈RSU · (R−1FU · Fext)〉, (5.6)
〈SB〉 = −kT 〈∇ ·
(
RSU · R−1FU
)
〉, (5.7)
〈SP,dis〉 = −〈RSU · (R−1FU · FP)〉. (5.8)
In these equations, FP denotes the interparticle force, R represents the hydrody-
namic resistance tensors which couple surface traction of particles to their mo-
tion. Specifically, RFU denotes the resistance tensors coupling force and torque
to translation and rotation; RSU denotes the coupling between stresslet on the
surface of particles and particle translation or rotation. Physically, the advec-
tive flow arising from the externally applied force gives rise to an external-force
induced stresslet SH,ext on a particle surface because it cannot deform. The Brow-
nian stresslet SB on particle surfaces arises due to disturbance flows driven by
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the Brownian motion of bath particles as it acts to smooth microstructural gra-
dients [13]. Finally, relative motion produced by interparticle forces gives rise
to disturbance flows that in turn create a stresslet SP,dis on particle surfaces.
The stress tenor, Σp, has six independent elements in general. In microrheol-
ogy, however, only the normal stresses are non-zero, owing to the axisymmetric
geometry of the structure around the probe. We denote the three normal stresses
as Σxx, Σyy and Σzz, where x is the direction parallel to the external force. The ax-
isymmetric structure also implies that the stresses perpendicular to the direction
of the external force are equal, i.e., Σyy = Σzz. Thus in active microrheology, the
suspension stresses are expressed by only two components: the parallel normal
stress, Σ‖, and the perpendicular normal stress, Σ⊥, where Σ‖ ≡ Σxx, Σ⊥ ≡ Σyy.
The normal stress differences characterize the anisotropic deformation of a
suspension arising from the distortion of the microstructure, and are formulated
as:
N1 = Σxx − Σyy,
N2 = Σyy − Σzz,
(5.9)
where N1 represents the first normal stress difference, N2 represents the second
normal stress difference. Because the two perpendicular components are iden-
tical due to the axisymmetric microstructure, N2 is always zero. Thus only the
first normal stress difference is measured.
The tendency for isotropic expansion or contraction of the particle phase is
described by the osmotic pressure, which is defined as negative one third of the
trace of the stress tensor,
〈Π〉 = −1
3
I : 〈Σp〉. (5.10)
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To evaluate the microviscosity, and suspension stress in simulations via
Eqs. (5.3), (5.6), (5.7), (5.8), (5.10), hydrodynamic couplings and forces must be
provided. The external force is prescribed. The interparticle force FP is evalu-
ated as the gradient of the interparticle potential between particles, FP = −∇V,
given an arbitrary particle potential,V. The resistance tensors, R, are functions
of only particle configurations and can be evaluated given the positions of all
the particles in the suspension. Thus in simulations, to measure the microvis-
cosity and suspension stress, we must solve for the particle motion and evolve
the suspension configurations in each time step. The method of our approach is
given next.
5.4 Simulation method
The basis of Stokesian Dynamics simulations is to obtain the evolution of
particle positions in a suspension [22, 121, 8]. For a system of N hard-sphere
colloidal particles of hydrodynamic radius a dispersed homogeneously in an
incompressible, Newtonian solvent of dynamic viscosity η and density ρ, the
particle motion is described by the coupled N-body Langevin equation
m · dU
dt
= Fext + FH + FB + FP, (5.11)
where m is a generalized mass/moment of inertia tensor of dimension 6N × 6N
and U is a vector of dimension 6N for the translational/rotational particle ve-
locities relative to the solvent. The force/torque vectors F on the right-hand
side are of dimension 6N, comprising contributions from external, hydrody-
namic, Brownian and interparticle forces. In colloidal suspensions, particle size
is small, and fluid and particle inertia are negligible.
182
In the present fixed-force active microrheology model, there is no externally
applied forces or torques on all particles, Fext = 0, except on the probe. As a par-
ticle moves relative to the solvent, the solvent exerts hydrodynamic forces and
torques on the particle. In Stokes flow, moments of the hydrodynamic surface
traction acted on the particles are linearly coupled to the particle motion,
FH = −RFU · U, (5.12)
where the configuration-dependent hydrodynamic resistance tensor RFU is the
kernal for the coupling.
The random Brownian force and torque FB arise due to the collisions be-
tween the particle and solvent molecules during time intervals much longer
than the inertial relaxation time scale of the particle τI = m/6piηa. The Brownian
force and torque satisfy Gaussian statistics: they are zero on average, but has a
nonzero temporal correlations on τI ,
FB = 0, FB(0)FB(t) = 2kTRFUδ(t), (5.13)
where the overbar denotes a noise averaging over times much longer than in-
dividual solvent collisions and long compared to τI , and δ(t) is the Dirac delta
function.
The interparticle force, FP, is general to represent any non-hydrodynamic,
deterministic force, e.g. electrostatic forces or frictional force as arises in the
presence of particle roughness. In the present simulation framework, we em-
ploy a hard-sphere force, FP = kT rˆδ(r− 2a) (r is the separation distance between
particle pairs and rˆ is the unit vector connecting centers of two particles) such
that particle overlaps are prevented by an infinite potential at contact, and the
particles exert no direct force on each other otherwise. However, since particles
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interact with full hydrodynamic interactions in our model, κ = 0, where lubrica-
tion forces prohibit particles from touching, the hard-sphere interparticle force
has no effect on the evolution of particle evolution and rheology.
Evolution equations of particle position can be obtained by integrating
Eq. (5.11) over a time step ∆t which is large compared to the inertial relaxation
time of the particle, τI , but small compared to the diffusive time of the particle
τD = a2/D over which the configuration changes. We nondimensionalize the
length scale by the particle hydrodynamic radius a; and to accurately capture
the particle dynamics in different flow regimes, the diffusive time a2/D and ad-
vective time scales a/U are used when flow is weak and strong, respectively.
The evolution equation of particle position in the weak flow regime reads
∆x = Pe
(
R−1FU · Fˆext
)
∆t + ∆xP + ∇ · R−1FU∆t + X(∆t) + O(∆t), (5.14a)
X = 0, X(∆t)X(∆t) = 2R−1FU∆t; (5.14b)
whereas in the strong forcing regime it is given by
∆x =
(
R−1FU · Fˆext
)
∆t + ∆xP +
1
Pe
∇ · R−1FU∆t +
1
Pe1/2
X(∆t) + O(∆t), (5.15)
where Pe = F0/(kT/a), and Fˆext = Fext/F0 is the unit vector pointing in the
direction of the external probe force. In Eqs. (5.14a) and (5.15), the first term
is the particle displacement induced by the external force; the second term by
the interparticle force; the third term by the mean drift of Brownian motion due
to particle concentration gradients; and the fourth term is a random Brownian
displacement which has a zero mean and covariance given by the inverse of the
resistance tensor [cf. Eq. (5.14b)].
While the evolution of particle position is obtainable with the resistance ten-
sor RFU , computing the suspension stress requires couplings between stresslet
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and particle motion. To this end, we invoke the grand resistance matrix,
R =
RFU RFERSU RS E
 , (5.16)
where RSU governs the coupling between stresslet and particle motion, and RFE
and RS E describe the coupling between force/torque and flow rate of strain,
and the coupling between stresslet and flow rate of strain, respectively. As an
improvement to the original Stokesian Dynamics framework [22, 121], the re-
sistance tensors RSU and RS E in our model are not traceless such that their trace
couple particle motion to the pressure moment on the surface of particles, giv-
ing rise to an induced particle osmotic pressure [74, 128].
An extension of Eq. (5.11) is obtained according to the grand resistance ten-
sor, R, viz., 0S
 = −R ·
U0
 +
F
B + FP + F ext
−rFP
 . (5.17)
The resistance tensor,R, captures the many-body hydrodynamic interactions
between all the particles in a suspension. For a pair of particles closely spaced,
two-body interactions are pronounced and are well-established analytically in
the literature [75, 73]. For particles far from each other, many-body interactions
must be considered because the effect of intervening particles between the pair
is significant. Thus R is evaluated as a sum of the near-field two-body hydro-
dynamic interactions, and the far-field many-body hydrodynamic interactions,
R = Rn f + (M∞)−1. (5.18)
The two-body near-field resistance matrix, Rn f , is directly computed by linear
superposition of the analytical, pairwise resistance functions from [75, 73, 74].
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The far-field grand mobility matrix, M∞, is constructed from a Taylor expan-
sion of the Green’s function of Stokes equation, and truncating the expansion to
the first traction moment [25], which estimates the first reflection of long-range
hydrodynamic interactions. Furthermore, the inverse of the far-field mobility,
(M∞)−1, captures the many-body interactions [43]. To accelerate the computa-
tion, Particle-Mesh-Ewald (PME) method is utilized to avoid constructing M∞
explicitly and an iterative method is utilized to evaluate matrix inverse [121].
To compute the osmotic pressure in simulations, the trace of the resistance
RSU , defined as P = I : RSU , must be evaluated, where P represents the coupling
between the pressure moment on the surface of particles and particle motion.
Similarly like the construction of resistance matrix R, P is computed from the
analytical expression of two-body hydrodynamic interactions [74], and the far-
field many-body estimation [63].
In our study, each simulation has 25 advective time with time step 0.001
advective time unit. The number of particles is ranging from 187 to 382. We
implemented simulations for volume fraction φb ranging from 0.05 to 0.4, with
flow strength ranging from 0.1 to 30000, each case with 100 − 200 simulations.
The measured quantities in the simulations are averaged over all the time steps
and all simulations.
5.5 Results
Here we examine the influence of volume fraction on the evolution of mi-
crostructure with flow strength and on the non-Newtonian rheology of the sus-
pension.
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Figure 5.1: Evolution of the microstructure from a side-view of the simu-
lation cell transverse to probe forcing. The black region repre-
sents the probe and it is surrounded by a region excluded to
particle centers. Probe forcing Pe increases from left to right,
and volume fraction φ increases from top to bottom, as labeled.
Regions in dark red indicate particle-center accumulation; blue
regions indicate particle-center depletion.
5.5.1 Microstructure
As the probe moves through the bath, its interaction with the bath particles
distorts their arrangement. Over long times, the probe encounters many differ-
ent particle configurations. At steady state, an average of these structures over
time approaches an ensemble average over all permissible arrangements, giv-
ing the average steady-state microstructure. The positions of all particles were
monitored throughout simulation, giving the distribution of bath particles rela-
tive to the probe in a frame of reference moving with the probe. The steady-state
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Figure 5.2: Equilibrium pair distribution function g(r) computed from
Percus-Yevick equation [112] for different volume fractions.
temporal average was computed and is plotted in Fig. 5.1 for several values of
forcing strength, Pe, and volume fraction, φ. Each column in the figure corre-
sponds to one value of Pe, increasing from left to right. Across each row, volume
fraction is held fixed, increasing from top to bottom. The black circle at the cen-
ter represents the probe and, at equilibrium (far left column) it is surrounded by
a blue ring showing the exclusion of bath-particle centers closer than r = 2a. A
bath-particle accumulation ring (dark red) shows the nearest-neighbor ring that
emerges distinctly as volume fraction becomes high enough to produce liquid-
like structure.
In the second column, Pe = 1 and, in this regime, advection is as impor-
tant as Brownian motion. Thus, probe motion is able to distort the structure,
and Brownian motion cannot fully erase the disturbance, at least for φb ≤ 0.3.
However, at φb = 0.4 the isotropic structure is still intact. This persistence of
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structural distortion arises from the volume-fraction dependence of the gradi-
ent of particle density that in turn produces local Brownian drift, a deterministic
force driving the probe toward more mobile regions, 〈∇ ·M〉nn, where M = R−1 is
the configuration-dependent hydrodynamic mobility and 〈·〉nn indicates an av-
erage over many probe-bath particle relative configurations around the nearest-
neighbor ring of particles surrounding the probe. In the concentrated regime, a
liquid-like structure forms and produces fluctuations in particle density that be-
come more pronounced as volume fraction grows. This is illustrated in Fig. 5.2,
which is a plot of the pair distribution function g(r) for several volume fractions
estimated by the Percus-Yevick equation [112]. These density peaks and troughs
produce corresponding mobility troughs and peaks, respectively, and influence
relative particle motion. As volume fraction grows, the particle density in the
nearest-neighbor region increases as free volume decreases. Consequently, at
high concentration, the relative motion between the probe and bath particles at
the nearest-neighbor ring is slowed by the increase in nearby no-slip surfaces
(lower relative mobility). Since relative particle velocity decreases but more
bath particles flow into the nearest-neighbor region as volume fraction grows,
the relative advective flux is relatively unchanged as volume fraction grows at
Pe = 1. At Pe = 1, the advective flux is balanced by the relative diffusive flux,
which is driven by radial gradients in the structure, ∂g/∂r, projected through
the suspension at a strength given by the radial relative mobility [78, 68]. Close
to the probe the relative mobility decreases as volume fraction grows and the
nearest neighbor region becomes crowded; the density gradient must thence in-
crease to enforce no relative flux at contact. Consequently, in the Pe ∼ 1 regime,
where Brownian drift is as strong as advection, increases in concentration effec-
tively reduce the Peclet number: concentration-gradient dependent Brownian
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Figure 5.3: Estimated upstream pair distribution function g(r) as a func-
tion of volume fraction and Pe.
drift outpaces advection and restores structural isotropy. Overall, when advec-
tion is not strong, increased particle concentration preserves the symmetry of
microstructure.
As probe forcing grows, however, hindrance from Brownian motion is over-
come by advection and the nearest-neighbor ring is broken open in the down-
stream region, as seen in the columns for Pe ≥ 10, all φb rows. Here, the familiar
boundary-layer and trailing wake structure emerge - and the qualitative effect
exerted by particle concentration becomes more pronounced. At a fixed value
of Pe ≥ 10, particle density in the upstream boundary layer increases as volume
fraction increases. However, the non-equilibrium particle density varies nonlin-
early with volume fraction. To exhibit this behavior, we estimate the boundary
layer particle density by calculating the pair distribution function at the up-
stream of probe. We ensemble average all bath particles upstream and ignore
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the angular deviation to get a radial dependent pair distribution, which gives
qualitative behavior of bath particle density variation as volume fraction in-
creases. The result is shown in Fig. 5.3. For all Pe, increasing volume fraction
gives rise to a growth of particle density at the first peak. However, for Pe ∼ 1,
the trend is almost small as equilibrium suspension. As Pe increases, the slope
of the curves increases as volume fraction increases. There are more bath parti-
cles accumulated upstream of the probe, comparing with Pe ∼ 1 regime. Since
we consider fully hydrodynamically interacting suspension, this change of par-
ticle density must arise from three-body interactions. A detailed discussion of
the density variation owning to the three-body interactions will be given in the
next section. Furthermore, as volume fraction increases, the boundary layer re-
mains attached to the probe farther downstream, wrapping more closely around
the trailing side of the probe. Meanwhile, the trailing wake shortens at fixed Pe
as volume fraction increases. Since higher concentration also gives rise to higher
particle density outside the boundary layer, and the particle density inside the
trailing wake is very low for all volume fractions, a sharper density gradient
across the wake is produced for higher volume fraction. This leads to a more
pronounced Brownian drift force that closes the wake more rapidly. One can
anticipate rheological consequences of the thicker boundary layer and shorter
trailing wake arising from the high volume fraction. In the next section it will
be shown that non-Newtonian rheological behaviors arise from three-body in-
teractions that emerge at higher concentrations.
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Figure 5.4: Microviscosity as a function of Pe and φb. Symbols are sim-
ulation results from present study; open symbols at far right
correspond to Pe−1 = 0.
5.5.2 Rheology
In the previous section, contour plots of the deformed microstructure around
the forced probe showed that increasing particle concentration exerts a qual-
itative effect on the evolving structure that is expected to alter probe motion
and hence the rheology inferred by tracking its motion. In the present section,
we examine how microviscosity and stress mirror these structural effects with
concentration-dependent non-Newtonian rheology.
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Microviscosity
The intrinsic (Pe → 0) viscosity of colloidal suspensions increases as O(φ2b)
when concentration is low, but at φb ≥ 0.35, many-body hydrodynamic inter-
actions produce O(φ3b) contributions that set the speed of divergence as φb ap-
proaches maximum packing. Here we investigate how concentration affects
non-Newtonian rheology of a flowing suspension. In microrheology, the micro-
viscosity is inferred from reductions in average probe speed through the sus-
pension, via application of Stokes’ drag law [124, 78]. Fig. 5.4 shows the micro-
viscosity ηmicro as a function of forcing strength Pe, for several volume fractions,
φb. The solid line represents the theoretical results in dilute suspensions [78]
for very strong hydrodynamic interactions and the symbols are our simulation
results for arbitrary concentration. The microviscosity is scaled by the volume
fraction, φb. When forcing is weak, observable flow thinning occurs in dilute
suspensions [78] as advection grows in strength and Brownian motion is too
slow to restore structural equilibrium. As flow strength increases, the viscosity
force-thickens at Pe ∼ O(10) since particles get closer to experience strong lubri-
cation, and thus longer-duration coupling between particle pairs. As Pe tends to
infinity, the viscosity asymptotes to the limiting value, 2.51, which corresponds
to the falling-ball limit [18, 3]. In this limit, the boundary layer is vanishingly
thin. There is negligible contributions from Brownian and interparticle forces,
and thus only hydrodynamic viscosity matters.
Filled symbols in Fig. 5.4 show the simulation results from weak to strong
forcing with volume fraction ranging from 0.05 to 0.4. When Pe−1 = 0, there
is no Brownian motion. The empty symbols represent the microviscosity at in-
finite Pe, measured by turning off the Brownian motion in simulations. Pair
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encounter contributes O(φb) energy dissipation and it is evaluated by the O(φb)
scaling in Fig. 5.4, for both dilute theory and simulation results. The differ-
ence between the simulation results and dilute theory represents the effect of
many-body interactions. The increased difference with the growth of concen-
tration shows that higher concentration leads to more significant many-body
interactions. A higher concentration signifies a more closely-spaced structure.
As shown in the microstructure (Fig. 5.1), for all Pe, higher concentration gives
rise to higher particle density around the probe. Since the strength of hydro-
dynamic interactions is inversely proportional to the separation between parti-
cles, interactions in concentrated suspensions are stronger, leading to stronger
dissipation and thus a higher viscosity. Though concentration varies, the vis-
cosity still shows two plateaus in weak and strong probe forcing. However, the
slope of force thickening region grows as volume fraction increases, indicating a
qualitative change of microviscosity in the presence of three-body interactions.
From the microstructure (Fig. 5.1), one can observe the change of microviscos-
ity from the nonlinear evolution of structure in high Pe as volume fraction in-
creases. First, bath particles in front of the probe (inside the boundary layer)
hinders probe motion via lubrication interactions, and the particle density in-
creases as the volume fraction increases. Second, the lubrication interactions
between probe and bath particles downstream also hinder probe motion and
increase viscosity. The shorter trailing wake indicates larger hindrance down-
stream as volume fraction increases. In Sec. 5.5.3, we will show that three-body
interactions enhance the particle density nonlinearly inside the boundary layer
and thus give rise to stronger hindrance. As a result, the high-Pe plateau in-
creases faster as volume fraction increases due to the stronger three-body inter-
actions in high concentration. The enhancement of low-Pe plateau is relatively
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Figure 5.5: Suspension stress as functions of φb and Pe: (a) parallel normal
stress; (b) perpendicular normal stress; (c) first normal stress
difference; (d) osmotic pressure. Filled symbols are simulation
results, solid lines are dilute theory from [34, 35].
small since three-body interactions are negligible and Brownian motion domi-
nates the rheology. This difference in growth of viscosity in low- and high- Pe
regime for different volume fractions determines the qualitative change of the
slopes in the forcing thickening region.
Suspension stress
In dilute suspensions, Chu and Zia [34, 35] analytically derived the parallel
normal stress, Σ‖, perpendicular normal stress, Σ⊥, first normal stress difference,
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N1, and osmotic pressure, Π. Their results for strong hydrodynamics limit are
shown by the solid lines in Fig. 5.5. The stresses are made dimensionless by
nakTφb, where nakT is the ideal osmotic pressure associated with the equilibrium
thermal energy of the Brownian particles. Pair-level hydrodynamic interactions
are assumed to dominate the higher-order interactions, thus the stresses are
scaled by volume fraction, φb. In low-Pe, Brownian motion dominates advec-
tion. Consequently the disturbance flows that give rise to the Brownian stress
are stronger than the weak advective flow due to probe motion. The stresses
in this linear-response regime all scales as Pe2, which represents a dipolar mi-
crostructure disturbance [34]. As Pe grows, the distance that a probe can move
in one Brownian time scale grows, and thus give rise to more pair encounters
with bath particles and lead to the increase of the suspension stress. For strong
probe forcing, Chu and Zia [34] shows that hydrodynamic encounters of probe
and bath particles along the line of centers are most pronounced. The scaling is
set by their lubrication interactions inside the boundary layer, as Pe0.799. These
non-Newtonian rheology behaviors (non-zero suspensions stress) arise from the
asymmetry of the microstructure. In high-Pe regime for dilute suspensions, this
asymmetry arises from small particle roughness and residual Brownian motion.
The filled symbols in Fig. 5.5 denotes our simulation results for dilute and
concentrated suspensions with volume fraction 0.05 ≤ φb ≤ 0.4. In the most
dilute suspension, φb=0.05, the simulation data and dilute theory of all four
stress quantities agree well. However, as concentration increases, the stresses
at a given Pe deviate from the dilute theory, and increase monotonically. The
suspension stress can be viewed as the energy density of a suspension [154].
This distortion of the microstructure gives rise to entropic energy storage. In di-
lute theory when only pair interactions matter, two-body hydrodynamic inter-
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actions preserve fore-aft symmetry and thus suppress structure distortion and
give rise to less energy storage and thus a decrease of suspension stress. How-
ever, as concentration increases, three-body interactions become important. In
the presence of a third particle, the pair trajectory loses fore-aft symmetry and
thus the microstructure is more distorted. As concentration increases where
stronger three-body interactions are involved, the probe motion causes more
configuration distortion, i.e., more entropic energy storage on the probe, lead-
ing to the enhancement of the suspension stress. This is totally opposite to the
effect of pair hydrodynamic interactions in dilute theory, where in dilute limit
hydrodynamic interactions are considered to give rise to a decrease of suspen-
sion stress and preserve Newtonian rheology. The scaling of stress in high-Pe
regime shows a nonlinear evolution, which again corresponds to the nonlinear
distortion of the microstructure. A detailed discussion of this nonlinear behav-
ior will be given in Sec. 5.5.3.
5.5.3 Scaling theory
In dilute theory, only pair interactions are considered. However, higher con-
centration leads to non-negligible many-body hydrodynamic interactions. As
shown by the microviscosity and suspension stress in both dilute and concen-
trated suspensions, even scaled out the pair level effect φb, difference between
dilute theory and simulations is significant, which tells that three-body factor
φ2b and even higher order factors matter when concentration increases. Thus, a
new predictive theory is necessary to describe concentrated suspensions with
the consideration of the many-body hydrodynamic interactions. We obtain this
by bridging the pair-level dilute theory to our concentrated simulation results
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utilizing our new simple scaling theory. Different scaling regimes are applied
for microviscosity and suspension stress respectively. For the suspension stress,
we implement different scalings for low and high Pe regime. To facilitate intro-
ducing the idea, we start with the scalings of the suspension stress.
Scaling for suspension stress
Chu and Zia [34, 35] derived the high-Pe asymptote of the suspension stress
for a dilute suspension,
〈Σneq〉
nakTφb
∼ Peδgeq(2)
∫ pi
0
A(θ) f (2; θ)dθ. (5.19)
Here Σneq denotes the parallel and perpendicular normal stress, the first normal
stress difference and the osmotic pressure because the four quantities have the
same high-Pe asymptote formulation. The asymptote comprises a Pe scaling,
Peδ, the equilibrium microstructure geq(2), and an integral involving the non-
equilibrium microstructure f . The strength of the hydrodynamic interactions
inside the boundary layer is evaluated by A(θ), a function of probe surface an-
gle, θ. Physically, Peδ represents the scaling of particle density inside boundary
layer. In dilute theory, it is derived by Batchelor [13] as:
δ =
W0
G1
= 0.799, (5.20)
where W0 and G1 are the leading orders of hydrodynamic mobility func-
tions transverse to and along the line of centers, respectively [75]. The pair-
distribution function outside the boundary layer, g, is estimated as
g(2; θ) = geq(2)[1 + f (2; θ)], (5.21)
where geq(2) represents the equilibrium contribution of the pair-distribution
function outside the boundary layer, and is identically equal to 1 for dilute
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suspensions. Inside the bracket, f (2; θ) represents the non-equilibrium distor-
tion of the microstructure normalized by the equilibrium microstructure, and
is only angular dependent. As particle approach each other, the boundary
layer thickness is O(Pe−1) and the strength of the stress for an individual probe-
bath encounter is proportional to the probe forcing, O(Pe). Thus, the average
stress on the surface of the probe is proportional to the thickness of the bound-
ary layer [O(Pe−1)], the number density of bath particles inside the boundary
layer [O(Peδ)], the pair-distribution function around the surface [g(2; θ)], and
the strength per probe-bath hydrodynamic encounter [O(Pe)]. The combination
of all these factors sets the high-Pe asymptote in Eq. (5.19), and gives rise to the
high-Pe scaling Pe0.799 in dilute suspension.
In concentrated suspensions, many-body interactions become significant. To
bridge the dilute theory with the concentrated suspensions, we consider the hy-
drodynamic interactions in dense suspensions still in the pair level. In dilute
suspensions, one particle can only “see” another and they interact hydrody-
namically through the solvent. Thus theoretical solutions of two-body hydro-
dynamic functions derived by Jeffrey and Onishi [75] are utilized to model par-
ticle interactions. In contrast, a pair of particles in concentrated suspensions
do not only interact through the solvent, but also are influenced by the inter-
vening particles between them. Here we consider the effect of both intervening
particles and solvent together, i.e., we view them as an intermediate medium.
Thus the particle pairs directly interact through this effective “solvent”. From
this perspective, all the formulations in dilute theory still hold. The only dif-
ference which characterizes the medium properties are the hydrodynamic mo-
bility functions. In dilute theory, the hydrodynamic couplings only depend on
the separation distance between the pair. However, when intervening particles
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matter, if considering particle pairs in a mean-field, the couplings also depend
on the volume fraction φb of the intervening particles. Thus, in concentrated
suspensions, new hydrodynamic mobility tensors, which are functions of both
volume fraction of the suspension and separation distance between the pair,
must substitute the two-body hydrodynamic functions from previous analyt-
ical study [75]. Zia et al. [157] derived these concentrated mobility functions
for a range of volume fractions by stochastically averaging the hydrodynamic
couplings of all possible particle pairs in certain configurations via ASD sim-
ulations. We will utilize these new mobilities functions to develop the scaling
theory for suspension stress in the concentrated regime.
As discussed above, the high-Pe asymptote of suspension stress in dilute
theory [Eq. (5.19)] still holds from a view of intermediate medium, but volume
fraction matters appropriately in this formulation. In dilute theory, geq(2) repre-
sents the equilibrium pair-distribution function outside the boundary layer. As
concentration increases, there is larger probability to find a bath particle outside
the boundary layer, thus the equilibrium pair-distribution is also a function of
volume fraction, i.e., geq(2; φb). It can be estimated from the Carnahan-Starling
equation of state [31]:
geq(2; φb) =
1 − 0.5φb
(1 − φb)3 . (5.22)
The change of microstructure distortion f (2; θ) is neglected as concentration in-
creases because the crucial contribution to average stress on the particle sur-
face is the number of bath particles around the surface, which is captured by
geq(2; φb). The non-equilibrium distribution of bath particles surrounded the
surface varies the stress evaluation sufficiently small.
Furthermore, the increasing concentration give rise to a higher particle den-
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sity inside the boundary layer, which implies that the scaling of the suspen-
sion stress, Peδ, also evolves with volume fraction, i.e., δ = δ(φb). As shown in
Eq. 5.20, δ is a ratio of leading orders of mobility functions transverse to and
along the line of centers. Thus for an arbitrary concentration, this ratio can be
estimated by evaluating the concentrated mobility functions derived by Zia et
al. [157], in the limit of particles near contact:
δ(φb) =
W0(φb)
G1(φb)
. (5.23)
A more careful examination of these two mobility functions for arbitrary con-
centrations indicate that the leading order term along the line of centers, G1, al-
most keep same, but the one transverse to the line of centers, W0, grows with the
increase of concentration. Thus quantitatively, the transverse mobility changes
the high-Pe stress scaling. Physically, inside the boundary layer, lubrication
interactions dominate. For parallel hydrodynamic couplings, two-body inter-
actions dominate because a third particle is not able to fit in the thin fluid gap
between the pair, which makes G1 keep consistent as concentration increases.
However, a third particle placed transverse to the line of centers contributes to
the coupling and leads to a three-body hydrodynamic interaction transverse to
the line of centers. More importantly, the transverse interaction gives rise to a
transverse particle motion, and thus breaks the fore-aft symmetry of pair trajec-
tory, and owes to non-Newtonian rheology. That is, the non-Newtonian rheol-
ogy arising from hydrodynamic interactions is set by the three-body transverse
mobility couplings. Involving all the concentration effects, the high-Pe scaling
of the suspension stress is written as:
〈Σneq〉conc
nakTφb
∼ Peδ(φb)geq(2; φb). (5.24)
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Remind that the scaling of the dilute theory reads
〈Σneq〉dilu
nakTφb
∼ PeδDgeq(2; φb  1), (5.25)
where the subscript D denotes dilute limit and δD ≡ 0.799. A comparison of
Eqs. (5.24) (5.25) gives a scaling theory to bridge dilute theory and concentrated
suspensions:
〈Σneq〉conc
geq(2; φb)Peδ(φb)−δD
∼ 〈Σneq〉dilu. (5.26)
In Fig. 5.6, we apply this scaling to the parallel and perpendicular normal stress,
the first normal stress difference and the osmotic pressure. At high Pe, con-
centrated stresses with different volume fractions all collapse onto the dilute
theory. Thus this validates our idea that the concentrated suspensions can be
considered as particle pairs interacting through a medium of intervening par-
ticles and solvent, where the formulations are consistent with the dilute theory
but concentrated mobilities are utilized to model the medium property.
After providing the scaling theory for high-Pe regime, next we will apply
the scaling theory into low-Pe regime. The low-Pe asymptote of the suspension
stress is given as
〈Σneq〉
nakTφb
∼ Pe2geq(2; φb  1). (5.27)
The low-Pe scaling Pe2 arises from the entropic recovery of the structure distor-
tion, thus does not change with volume fraction. Similarly to the discussion for
the high Pe, a simpler scaling regime can be suggested only based on geq, the
equilibrium pair-distribution function just outside the boundary layer:
〈Σneq〉conc
geq(2; φb)
∼ 〈Σneq〉dilu. (5.28)
We select osmotic pressure as an example to show the validation of the low-
Pe scaling theory for the suspension stress. Fig. 5.7(a-b) represents the osmotic
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Figure 5.6: High-Pe scaling theory [Eq. 5.26] of suspension stress, as a
function of φb and Pe: (a) parallel normal stress; (b) perpendic-
ular normal stress; (c) first normal stress difference; (d) osmotic
pressure. The filled symbols are simulation results. The solid
lines are dilute theory from [34, 35].
pressure in the concentrated suspensions after applying the scaling theory in
Eq. (5.28), compared with the dilute theory. However, disparity can be observed
at low Pe. This is because the Brownian contribution to the suspension stress is
significant at low Pe, and the variance of Brownian stress is high, as shown by
the error bars in Fig. 5.7. To validate the scaling theory, we can justify it by
just looking at the hydrodynamic contribution, which is the same order of mag-
nitude as the Brownian part at Pe ∼ O(1). In Figure 5.7(c-d), we compare the
hydrodynamic osmotic pressure before and after applying the low-Pe scaling.
Clearly, with the scaling, hydrodynamic osmotic pressure of all volume frac-
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Figure 5.7: Low-Pe scaling [Eq. 5.26] of the osmotic pressure as a function
of φb and Pe: (a) total osmotic pressure before scaling; (b) total
osmotic pressure after scaling; (c) hydrodynamic osmotic pres-
sure before scaling; (d) hydrodynamic osmotic pressure after
scaling. The solid lines are dilute theory from [35].
tions collapse onto the dilute theory.
To summary, in a suspension with arbitrary concentration, the interactions
between probe and bath particles can be modeled as pair interactions through
an intermediate medium. The medium models the effect of solvent, as well as
the intervening particles between the pair. The properties of the medium is cap-
tured by the concentrated hydrodynamic couplings derived by Zia et al. [157], as
a function of both suspension concentration and pair separation. In an arbitrary
concentration, two effects may influence the suspension stress. The probabil-
ity for the probe to interact with a bath particle depends on the concentration,
and is captured by the equilibrium pair-distribution function, which gives rise
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to a change of magnitude of the suspension stress. More importantly, for strong
probe forcing, the hydrodynamic couplings transverse to the line of centers give
rise to break of fore-aft symmetry when three-body encounters. This distortion
of microstructure contributes to the non-Newtonian rheology, and leads to the
change of high-Pe scaling of the suspension stress. For weak probe forcing,
Brownian motion dominates. Because the relative motion of particles is small
and quickly recovered by the Brownian motion, the effect of breaking fore-aft
symmetry owing to the three-body encounters is weak. As a result, only pair-
distribution function contributes to the change of suspension stress. The non-
Newtonian behaviors mainly arise from the Brownian motion, which destroys
the time reversibility. The effect of many-body hydrodynamic interactions may
be negligible.
Scaling for microviscosity
Khair and Brady [78] derived the high Pe asymptote of the microviscosity
in the dilute suspension, ηmicro ∼ α + βPeδ−1. Here, α and β are functions of pair
mobilities, which are derived by Jeffrey and Onishi [75]. The constant denotes
viscosity arising from interactions outside the boundary layer, whereas the Pe
dependent term represents that inside the boundary layer. In concentrated sus-
pensions, following the idea above, the asymptote formulation still holds. But
now α and β are functions of concentrated mobilities. However, these two co-
efficients are difficult to directly compute due to their complicated relations to
the mobilities. As Pe → ∞, asymmetric structure and thus the boundary layer
vanishes, and the microstructure recovers its spherical symmetry. The micro-
viscosity totally arises from the hydrodynamic interactions in the outer region,
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Figure 5.8: Microviscosity as a function of Pe and φb. The solid line is di-
lute theory [78]. The filled symbols are the scaled simulation
results with finite Pe.
i.e., α. In simulations, this constant can be measured with setting Pe−1 ≡ 0 by
turning off the Brownian motion. This suggests that in high Pe we can scale the
microviscosity with the microviscosity in the infinite-Pe limit since it captures
the many-body hydrodynamic effects at high Pe.
ηmicroconc (φb)
ηmicroconc (Pe−1 ≡ 0)/ηmicrodilu (Pe−1 ≡ 0)
∼ ηmicrodilu (φb  1). (5.29)
Fig. 5.8 shows the microviscosity comparing with the dilute theory after the
scaling above and in high Pe the agreement is excellent.
5.6 Conclusions
We have studied the microstructure, microviscosity and suspension stress in
a fully hydrodynamically interacting dispersion of hard colloidal spheres in the
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active microrheology for arbitrary concentrations via ASD simulation, and elu-
cidated the effect of three-body interactions on rheological quantities. The be-
havior was studied for probe forcing from weak to strong, for suspensions from
dilute to concentrated. For microstructure, we found that increased particle con-
centration preserves the symmetry of microstructure for Pe ∼ 1, and three-body
interactions enhance particle density inside the boundary layer more signifi-
cantly in high Pe than low Pe regime. For microviscosity, three-body interac-
tions produce a qualitative change for force-thickening. Since more particles
accumulate inside the boundary layer in high Pe via three-body interactions,
the asymptote value of high-Pe plateau grows faster for strong probe forcing,
compared with the low-Pe plateau where the effect of three-body interactions is
relatively small. For suspension stress, instead of suppressing energy storage as
two-body hydrodynamic interaction does in dilute theory [34, 35], three-body
interactions enhance suspension stress. Two-body hydrodynamic interactions
preserve fore-aft symmetry of a pair trajectory and introduce Newtonian rheol-
ogy. In contrast, three-body hydrodynamic interactions give rise to loss of fore-
aft symmetry in the presence of a third particle in a pair trajectory and thus lead
to non-Newtonian rheology. This behavior is shown in the change of Pe scaling
in high-Pe suspension stress. An analytical examination of the scaling exhibits
that the non-Newtonian behaviors are introduced by the change of transverse
mobility, as the third particle produces a deviation transversely for the pair tra-
jectory. Since the Pe scaling is determined by the near-contact interactions, the
third particle cannot influence much in longitudinal direction.
As the microviscosity is directly related to particle motion, and the force-
velocity coupling is a long-range interaction, the effect of long-range hydro-
dynamic interactions may influence the microviscosity in high concentration.
207
Such behaviors may be viewed by directly applying the concentrated mobility
functions into Smoluchowski equation and deriving analytical solutions in the
future work.
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CHAPTER 6
CONCLUSIONS
In this dissertation, we utilized a combination of micromechanics theories,
phenomenological model, and particle dynamics simulations to study single-
probe active microrheology in an unbound, hard-sphere suspension comprising
hydrodynamically interacting colloids. In the low Reynolds number regime, we
took advantage of the linearity of Stokes flow to develop a novel micromechan-
ics theory for the particle stress in a hydrodynamically interacting suspension,
and examined the evolution of four rheological quantities with flow strength
and hydrodynamic interactions (interparticle repulsion range), namely the par-
allel and perpendicular normal stresses, first normal stress difference, and par-
ticle osmotic pressure. We further analyzed the balance of nonequilibrium fluc-
tuation and dissipation in the presence of hydrodynamic forces, and derived a
generalized nonequilibrium Stokes-Einstein relation which relates suspension
stress to microviscosity and diffusivity, empowering the active microrheology
technique that one can fully describe a steady state suspension by measuring
the motion of a single, embedded probe particle. To broaden the scope to ex-
amine the effect of particle concentration, we employed Accelerated Stokesian
Dynamics framework to simulate the microstructure, microviscosity and parti-
cles stress of various dilute to concentrated suspensions. We constructed a new
scaling theory to collapse the results of suspensions of different concentrations,
offering a robust predictive model for concentrated suspension rheology.
The model system in the present research is single-probe active microrhe-
ology in an unbound, hard-sphere suspension comprising hydrodynamically
interacting colloids. In Chapter 2 to 4, we studied the dynamics of dilute sus-
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pensions where pair-interactions dominate. We started by formulating a two-
body Smoluchowski equation governing the spatial evolution of the particle
microstructure and, by the virtue of Stokes flow linearity, we derived analyt-
ical expressions for the particle stresslets arising from three major microscopic
forces: external, Brownian and interparticle forces. The microstructure was then
utilized to compute the average suspension stress, analytically in the asymp-
totic limits of weak and strong flow strength and hydrodynamic interactions,
and numerically for the full range of flow and hydrodynamic strength via a fi-
nite difference scheme. In deriving our micromechanical theory, we clarified
the definition of the hydrodynamic and thermodynamic stress, and emended
the confusion stemmed from prior work [14, 20, 19]. We focused on examin-
ing the normal stresses in Chapter 2. We found that hydrodynamic interac-
tions, whose strength is inversely proportional to the range of entropic repul-
sion, weaken the parallel and perpendicular normal stresses regardless of the
strength of flow. When flow is weak, the timescale at which Brownian motion
restores the equilibrium particle configuration is shorter than that for distortion
by advection, and the particle normal stresses scale uniformly as Pe2 despite
hydrodynamic dissipation. As flow strengthens, particle-rich boundary layer
forms in front of the probe and particle-depleted trailing wake forms behind it
simultaneously, and such structural asymmetry leads to an increase in the nor-
mal stresses. When advection dominates diffusion, boundary layer dynamics
govern the evolution of the normal stresses, where their growth scale as the
particle density inside the boundary layer as Peδ, with 0.799 ≤ δ ≤ 1 as hy-
drodynamic interactions vary from strong to weak. We further conducted a
pair-trajectory analysis to examine the origin of the particle stress arising from
the three microscopic forces, and demonstrated that hydrodynamic coupling
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brings forth a dissipative interparticle stress always acting against the elastic in-
terparticle stress which, in the limit of strong hydrodynamics, precisely cancel,
suggesting that interparticle force still plays a role even in such limit. The tra-
jectory analysis also exhibited clearly how a combination of particle attraction
and repulsion, and interaction duration and frequency determines the extent of
microstructural asymmetry and thus the magnitude of the particle stress. In re-
lating the particle stress and energy density in a suspension, hydrodynamic in-
teractions shield particle collisions and suppress energy storage by prolonging
particles coupling and reducing interaction frequency, thus reducing structural
asymmetry and entropic energy density. In the limit of no Brownian motion
and perfectly smooth spheres, the pair-trajectories become fore-aft symmetric,
statistically forming a spherically symmetric particle structure, and therefore
the nonequilibrium stress and energy vanish completely.
Non-Newtonian rheology of a suspension is characterized by the aggregate
effect of the normal stresses — an anisotropic deformation by the normal stress
differences, and an isotropic expansion or contraction by particle osmotic pres-
sure. We investigated the non-Newtonian rheology of a dilute, hydrodynami-
cally interacting suspension in Chapter 3, in which the normal stress differences
and particle osmotic pressure were studied across the asymptotic limits of weak
and strong flow strength and hydrodynamic interactions. We found that the
second normal stress difference is identically zero regardless of the strength of
flow and hydrodynamics owing to the axisymmetry of the particle microstruc-
ture around the probe. The evolution of the first normal stress difference is more
intricate: when flow is weak, a hydrodynamically interacting suspension has a
stronger first normal stress difference than its non-hydrodynamically interact-
ing counterpart, owing to the enhanced disparity in the duration of longitudinal
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versus transverse particle encounters. On the contrary, when flow is strong, hy-
drodynamic interactions shield particle collisions and suppress the growth of
the first normal stress difference. Interesting, the first normal stress difference
demonstrated a change of sign from positive to negative transitioning from the
weak- to strong-flow regimes. We showed that this sign change is present only
when hydrodynamic interactions are moderately strong and, distinct from the
finding in prior work that such behavior is solely due to a switch of dominance
between the Brownian and hydrodynamic forces [50, 19], we identified a novel
mechanism that interparticle repulsion alone can lead to a change of sign in the
first normal stress difference. For the particle osmotic pressure, we showed that
its evolution follows that of the normal stresses, that is the osmotic pressure
grows as Pe2 and Peδ in the asymptotic limits of weak and strong flow, respec-
tively; and hydrodynamic interactions suppress the osmotic pressure regardless
of the strength of flow. In this chapter, we also presented our data scaled by the
advective stress, equivalently the response that one would measure in experi-
ments following an advecting probe.
The novel micromechanical theory in Chapter 2 and 3 provides a means
through which one could predict the response of a dilute, hydrodynamically
interacting suspension if the particle microstructure is known. Nevertheless,
measuring the particle structure is labor-intensive. To circumvent this problem,
we developed a generalized nonequilibrium Stokes-Einstein relation in Chap-
ter 4 linking the suspension stress to the microviscosity and flow-induced dif-
fusivity so that the stress can be inferred from the mean and mean-square mo-
tion of a single probe particle. Our derivation started with an equation of mo-
tion, taking into account the effect of both advection and diffusion arising from
the mean flow and its variation of a suspension. We related the advection flux
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to the reduction of the mean flow via the microviscosity, the diffusive flux to
the fluctuation of the mean motion via the diffusivity, and the additional hy-
drodynamic dissipation via hydrodynamic mobility functions associated with
the longitudinal and transverse relative motion of a pair. These together con-
stitute a novel anisotropic effective resistance tensor governing the balance of
nonequilibrium momentum fluxes. The resultant phenomenological relation
between suspension stress, viscosity and diffusivity is a generalized nonequi-
librium Stokes-Einstein relation that permits a full rheological characterization
of a hydrodynamically interacting suspension by tracking the motion of a sin-
gle probe particle. Predictions by the new theory agrees well with the microme-
chanical theories from Chapter 2 and 3 as well as with dynamic simulations, for
the full range of flow strength and hydrodynamic interactions.
In Chapter 5, we turned our attention to study the effect of particle con-
centration. Utilizing Accelerated Stokesian Dynamics framework, we simu-
lated single-probe active microrheology of hydrodynamically interacting sus-
pensions with different particle concentrations, ranging from dilute φ = 0.05
to concentrated φ = 0.40, over six decades of flow strength and eight decades
of hydrodynamic strength. Particle concentration was shown to play a role in
altering the particle structure and the rheology qualitatively. For the microstruc-
ture, when flow is weak and Brownian motion dominates, a higher particle con-
centration and the associated local liquid structure give rise to a large particle
concentration gradient and strong Brownian drift, allowing the ring-like struc-
ture to retain to a larger extent compared to a dilute suspension. When flow is
strong, boundary layer and wake structures form regardless of particle concen-
tration but it changes the fore-aft asymmetry qualitatively: the accumulation of
particles inside the boundary layer of a concentrated suspension is higher due
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to the larger entropic hindrance of particles, whereas the wake of a concentrated
suspension is shorter since a larger Brownian drift acts to close the wake. Parti-
cle concentration was shown to enhance the microviscosity and the suspensions
stress. For the former, more closely-packed structure results in stronger hydro-
dynamic interactions, leading to increased dissipation and thus viscosity. For
the latter, a concentrated suspension has a higher particle density, suggesting
a higher energy density, equivalently a higher suspension stress. Despite accu-
rate prediction, computational simulations are expensive. In the last part of this
chapter, we developed scaling theories, utilizing recently derived concentrated
hydrodynamic mobility functions, to collapse the microviscosity and suspen-
sion stress of suspensions of different particle concentrations, offering a robust
predictive model for concentrated suspension rheology.
In conclusion, the present work has developed a novel micromechanical the-
ory for computing the suspension stress in a dilute, hydrodynamically inter-
acting, hard-sphere suspension; a generalized nonequilibrium Stokes-Einstein
relation for predicting the stress requiring just the motion of a single probe
particle; and a scaling theory for predicting concentrated suspension response.
Many interesting questions remain. While the statistical mechanics model in
Chapters 2 to 4 and the numerical model in Chapter 5 are fully generalizable for
arbitrary probe- to bath-particle size ratio, the details of this behavior were not
explored here. In practice, active microrheological studies often utilize probes
with a range of sizes relative to the bath particles [133, 51], and recent stud-
ies have shown that the size ratio of the probe and bath particles exerts a pro-
nounced influence on rheological measurements [102, 126, 144, 70]. In an active
microrheology system with small or large probe, size ratio exerts only a quan-
titative effect on viscosity [124], force-induced diffusion [153] and suspension
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stress [154]. However, it was recently shown that when hydrodynamic inter-
actions matter, changes in probe size relative to bath particles reveals a pro-
nounced, qualitative change in force-induced diffusion [70]. Future studies of
suspension stress should interrogate this dependence.
In addition, the interparticle force need not be purely repulsive, which could
lead to interesting changes in rheology, particularly in the limit of weak Brow-
nian motion. Attractive interparticle forces break symmetry by driving bath
particles off trajectory and closer to the probe, and would delay downstream
decoupling, giving a trailing trajectory that is closer to the line of forcing than
what would occur for a purely repulsive or hydrodynamic interaction. The
models developed in this research can be easily extended to attractive interpar-
ticle forces to interrogate these ideas and examine their effects on suspension
stress. Future work could address many different types of interparticle forces,
connecting with, for example, osmotic pressure in colloidal gels [156, 86].
The results in Chapter 3 motivate a connection of the sign change in the
first normal stress difference observed in sheared suspensions. In the plane
transverse to forcing in active microrheology, the axisymmetric external force
results in particle accumulation and depletion that lie along the line of the forc-
ing. In the corresponding flow/flow-gradient plane of a shear flow, particles
accumulate and deplete along the compressional and extensional axis respec-
tively, giving an anti-symmetric structure. Despite the difference in the struc-
tures, Zia and Brady [154] showed that the first normal stress difference (as well
as the normal stresses and osmotic pressure) between two flows demonstrate
qualitatively similar evolution in the absence of hydrodynamic interactions. As
pointed out in that work, a rotation of quadrants makes structures between two
215
flows nearly identical. It is possible that a “normal stress difference” defined by
coordinates aligned to the compressional and extensional axes in a shear flow
might reveal more clearly behavior common to both flows. Reconciling the dif-
ference in structures between two flows will provide insight into devising a
unified means to control the evolution of normal stress differences and other
rheological behaviors.
In Chapter 4, the formulation of the phenomenological model is based on
a Cauchy momentum balance, and is general for complex materials in which
there is a separation of length scale between the dispersed and the suspending
phase. In this work, its application is specified to hard-sphere colloidal sus-
pensions by constitutively modeling the advective and diffusive particle flux
using the microviscosity and flow-induced diffusivity taken from studies of
hard-sphere suspensions. We conjecture that the present model can be read-
ily generalized to examine suspensions comprising attractive colloids, colloids
of arbitrary shape, and even emulsions, with the hard-sphere viscosity and dif-
fusivity replaced by corresponding quantities in other model systems.
Similarly, the present model can be extended to study the temporal-
dependence of the nonequilibrium fluctuation and dissipation. Recent work
on active microrheology of start-up suspension flows [155, 105] recovers quali-
tatively the evolution of the viscosity observed in traditional macrorheology of
suspensions [48] and colloidal gels [134, 106, 77], including an overshoot before
it reaches the steady-state response. As the disparity between the advective and
diffusive timescales explain the temporal evolution of the viscosity [105], the
same notion can be employed to understand the transient development of the
corresponding particle fluxes, their lasting effect on the microstructure, and in
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turn the generation of suspension stress.
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APPENDIX A
HYDRODYNAMIC RESISTANCE AND MOBILITY FUNCTIONS
In this section, the hydrodynamic functions required to obtain the stresslets
and the average stresses in Chapter 2 and 3 are presented. These functions
depend only on the relative separation between a pair of particles, r, and the
dimensionless repulsion range, κ. The hydrodynamic resistance function that
couples the translational velocity of particle β to the induced stresslet on parti-
cle α, RSUαβ ; and the hydrodynamic resistance function that couples the rotational
velocity of particles β to the induced stresslet on particle α, RSΩαβ , are defined
respectively as [73, 74],
RSUαβ = 4piηa
2
[
XGαβ
(
rˆirˆ jrˆk − 13δi jrˆk
)
+
1
3
XPαβδi jrˆk + Y
G
αβ
(
rˆiδ jk + rˆ jδik − 2rˆirˆ jrˆk
)]
, (A.1)
RSΩαβ = 8piηa3YHαβ
(
rˆi jkmrˆm + rˆ jikmrˆm
)
, (A.2)
where ri is the unit vector along the line of centers of particles α and β, δi j is the
identity tensor, i jk is the Levi-Civita tensor, Xαβ and Yαβ govern the motion of
particle α and β along and transverse to their line of centers respectively. Two
remarks are made regarding the above resistance functions. First, RSUαβ gives the
complete relation between particle kinematics and the induced stresslet since
the stresslet is not restricted to be traceless. The hydrodynamic function XPαβ,
which is associated with the trace of the stresslet or osmotic pressure, has been
grouped into RSUαβ . Second, R
SΩ
αβ is traceless, signifying that rotations of spheres
do not contribute to the trace or osmotic pressure [74].
The hydrodynamic mobility function that couples the force on particle β to
the induced translational velocity of particle α, MUFαβ ; and the hydrodynamic
mobility function that couples the force on particle β to the induced rotational
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velocity on particle α, MΩFαβ , are defined respectively as, [75]
MUFαβ =
1
6piηa
[
xaαβrˆirˆ j + y
a
αβ
(
δi j − rˆirˆ j
)]
, (A.3)
MΩFαβ =
1
4piηa2
ybαβ
(
i jkrˆk
)
, (A.4)
where xαβ and yαβ govern the motion of particle α and β along and transverse to
their line of centers, respectively.
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APPENDIX B
DERIVATION OF THE PARTICLE STRESSLET FROM MOBILITY AND
RESISTANCE FORMULATIONS
In Sec. 2.3.2, we derived the particle stresslet and the average suspension
stress arising from the external, Brownian and interparticle forces. In this sec-
tion, we elucidate the derivation in the context of the classical mobility and re-
sistance formulations [79], and comment on the matrix representation in prior
studies, e.g. [20, 8].
Let us start with the mobility formulation, where hydrodynamic traction
moments on particles surface are prescribed and velocity derivatives are to be
determined. In the end of this derivation, we will show that the mobility and re-
sistance formulations are in fact interchangeable to compute the hydrodynamic
stresslet provided that proper steps are taken. To begin, the mobility formula-
tion truncated at the first moment of hydrodynamic traction and straining mo-
tion reads [80, 79]
U1 − U∞(x1)
U2 − U∞(x2)
Ω1 −Ω∞(x1)
Ω2 −Ω∞(x2)
−SH1
−SH2

= −

MUF11 M
UF
12 M
UL
11 M
UL
12 M
UE
11 M
UE
12
MUF21 M
UF
22 M
UL
21 M
UL
22 M
UE
21 M
UE
22
MΩF11 M
ΩF
12 M
ΩL
11 M
ΩL
12 M
ΩE
11 M
ΩE
12
MΩF21 M
ΩF
22 M
ΩL
21 M
ΩL
22 M
ΩE
21 M
ΩE
22
MS F11 M
S F
12 M
S L
11 M
S L
12 M
S E
11 M
S E
12
MS F21 M
S F
22 M
S L
21 M
S L
22 M
S E
21 M
S E
22

·

FH1
FH2
LH1
LH2
E∞
E∞

, (B.1)
where FHα , L
H
α and S
H
α are the hydrodynamic force, torque and stresslet acted
on particle α by the fluid, respectively; U∞(xα), Ω∞(xα) and E∞ are the imposed
far-field fluid translational velocity, rotational velocity, and straining motion re-
spectively in the absence of particles evaluated at the position of particle α; Uα
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and Ωα are the total translational and rotational velocity of particle α, respec-
tively; and the subscript 1 and 2 denote the probe and the bath particle, respec-
tively. The mobility function MXYαβ couples Y — the hydrodynamic force, torque
and imposed straining motion acting on particle β as shown in the vector on the
right-hand side of Eq. (B.1) to X — the translational and rotational velocities,
and stresslets acting on particle α as shown in the vector on the left-hand side
of Eq. (B.1) [79]. The stresslet exerted on the probe is obtained from Eq. (B.1) as
SH1 = M
S F
11 · FH1 + MS F12 · FH2 + MS L11 · LH1 + MS L12 · FH2 + MS E11 · E∞ + MS E12 · E∞. (B.2)
Equation (B.2) can be simplified by recalling that in the present active mi-
crorheology model all particles are net torque- and external torque-free. We
also note that the rotation caused by Brownian and interparticle forces does not
alter the configuration of a sphere with uniform surface property, i.e., it is indis-
tinguishable if a sphere is rotated or not because of the uniformity of its surface,
LBα = L
P
α = 0. Thus, a torque balance gives zero hydrodynamic torque
LHα = 0. (B.3)
Further, there is no imposed far-field fluid translational and rotational velocity,
and straining flow:
U∞(xα) = Ω∞(xα) = E∞ = 0. (B.4)
Substituting Eqs. (B.3) and (B.4) into Eq. (B.2) gives
SH1 = M
S F
11 · FH1 + MS F12 · FH2 . (B.5)
However, one still cannot determine the stresslet exerted on the probe SH1 from
Eq. (B.5) for two reasons. First, analytic formulae for implementing MS Fαβ are not
complete in the literature and, second, hydrodynamic force FHα is unprescrib-
able. For the former issue, we note that lubrication expressions and far-field
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recursive relations for MS Fαβ (and in fact also for M
S L
αβ and M
S E
αβ ) had not been
derived until the work by Kim and Karrila [79], and thus it could not be im-
plemented efficiently as, e.g. MUFαβ and other hydrodynamic functions as in [75].
Due to this historical development of hydrodynamic functions, authors in prior
work circumvented this issue by expressing the “unknown” MS Fαβ in terms of
some well-studied, “known” resistance and mobility functions. We adopt this
approach in this work and employ the following relations [79]:
MS F11 = R
SU
11 · MUF11 + RSU12 · MUF21 + RSΩ11 · MΩF11 + RSΩ12 · MΩF21 , (B.6)
MS F12 = R
SU
11 · MUF12 + RSU12 · MUF22 + RSΩ11 · MΩF12 + RSΩ12 · MΩF22 . (B.7)
Substituting Eqs. (B.6) and (B.7) into Eq. (B.5) gives
SH1 = R
SU
11 · (MUF11 · FH1 + MUF12 · FH2 ) + RSU12 · (MUF21 · FH1 + MUF22 · FH2 )
+RSΩ11 · (MΩF11 · FH1 + MΩF12 · FH2 ) + RSΩ12 · (MΩF21 · FH1 + MΩF22 · FH2 ).
(B.8)
Next, to resolve the issue of unprescribable hydrodynamic force FHα , we ex-
press it in terms of the microscopic forces, namely external, Brownian and in-
terparticle forces (cf. Sec. 4.5), in the present net force-free system via a force
balance,
FTotα = F
H
α + F
ext
α + F
B
α + F
P
α
=⇒ FHα = −Fextα − FBα − FPα.
(B.9)
As noted in Sec. 4.5, Eq. (B.9) is a noise-averaged Langevin equation, and that in-
ertia can be neglected in the overdamped limit (Re  0). This is a configuration-
dependent equation that can describe one trajectory of a particle each time it
is solved. The hydrodynamic, external and interparticle forces are determinis-
tic whereas the Brownian force here has been noised-averaged over times long
compared to particle momentum relaxation time. Substituting Eq. (B.9) into
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Eq. (B.8) gives
SH1 = −RSU11 · (MUF11 · Fext1 + MUF12 · Fext2 ) − RSU12 · (MUF21 · Fext1 + MUF22 · Fext2 )
−RSU11 · (MUF11 · FB1 − MUF12 · FB2 ) − RSU12 · (MUF21 · FB1 + MUF22 · FB2 )
−RSU11 · (MUF11 · FP1 + MUF12 · FP2 ) − RSU12 · (MUF21 · FP1 + MUF22 · FP2 )
−RSΩ11 · (MΩF11 · Fext1 + MΩF12 · Fext2 ) − RSΩ12 · (MΩF21 · Fext1 + MΩF22 · Fext2 )
−RSΩ11 · (MΩF11 · FB1 + MΩF12 · FB2 ) − RSΩ12 · (MΩF21 · FB1 + MΩF22 · FB2 )
−RSΩ11 · (MΩF11 · FP1 + MΩF12 · FP2 ) − RSΩ12 · (MΩF21 · FP1 + MΩF22 · FP2 ),
(B.10)
where terms inside brackets in Eq. (B.10) are the translational and rotational
velocities induced by the external, Brownian and interparticle forces. This can
be shown using the linearity statement between the translational velocity and
the microscopic forcesU1U2
 = −
M
UF
11 M
UF
12
MUF21 M
UF
22
 ·
F
H
1
FH2
 =
M
UF
11 M
UF
12
MUF21 M
UF
22
 ·
F
ext
1 + F
B
1 + F
P
1
Fext2 + F
B
2 + F
P
2
 , (B.11)
from which we get
U1 = (MUF11 · Fext1 + MUF12 · Fext2 ) + (MUF11 · FB1 + MUF12 · FB2 ) + (MUF11 · FP1 + MUF12 · FP2 )
= Uext1 + U
B
1 + U
P
1 .
(B.12)
Similarly, the linearity statement between the rotational velocity and the micro-
scopic forces gives
Ω1 = Ω
ext
1 +Ω
B
1 +Ω
P
1 . (B.13)
Substituting Eqs. (B.12) and (B.13) into Eq. (B.10) gives
SH1 = −RSU11 · (Uext1 + UB1 + UP1 ) − RSU12 · (Uext2 + UB2 + UP2 )
−RSΩ11 · (Ωext1 +ΩB1 +ΩP1 ) − RSΩ12 · (Ωext2 +ΩB2 +ΩP2 )
= −RSU11 · U1 − RSU12 · U2 − RSΩ11 ·Ω1 − RSΩ12 ·Ω2,
(B.14)
recovering the expressions for the external force-induced, Brownian and dissi-
pative interparticle stresslet presented in Sec. 2.3.2.
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In fact, Eq. (B.14) is the expression that one will obtain from the resistance
formulation for computing the hydrodynamic stresslet SH1 [79]
FH1
FH2
LH1
LH2
SH1
SH2

= −

RFU11 R
FU
12 R
FΩ
11 R
FΩ
12 R
FE
11 R
FE
12
RFU21 R
FU
22 R
FΩ
21 R
FΩ
22 R
FE
21 R
FE
22
RLU11 R
LU
12 R
LΩ
11 R
LΩ
12 R
LE
11 R
LE
12
RLU21 R
LU
22 R
LΩ
21 R
LΩ
22 R
LE
21 R
LE
22
RSU11 R
SU
12 R
SΩ
11 R
SΩ
12 R
S E
11 R
S E
12
RSU21 R
SU
22 R
SΩ
21 R
SΩ
22 R
S E
21 R
S E
22

·

U1 − U∞(x1)
U2 − U∞(x2)
Ω1 −Ω∞(x1)
Ω2 −Ω∞(x2)
−E∞
−E∞

. (B.15)
In other words, rather than the mobility formulation Eq. (B.1), one can use the
equivalent resistance formulation to find the particle stresslet, provided that the
unknown velocities and straining motion on the right-hand side of Eq. (B.15)
are first determined from the mobility formulation. We adopted this approach
in deriving the hydrodynamic stresslet in Sec. 2.3.2.
Up to this point, we have presented the derivation of the hydrodynamic
stresslet. To obtain the total stresslet, we recall that it comprises two other con-
tributions from equilibrium thermal energy and a non-hydrodynamic stresslet
xFP. In the literature, some authors combined the linearity statement Eq. (B.15)
with the non-hydrodynamic stresslet to give a compact matrix representation of
the total stresslet [20, 8]F
Tot
α
STotα
 = −
R
FU RFE
RSU RS E
 ·
Uα − U
∞(xα)
−E∞
 +
F
ext
α + F
B
α + F
P
α
−xFPα
 , (B.16)
where FTotα is a compact notation for the vector representing the total force and
torque vector acting on particle α, Uα is for the vector representing the total
translational and rotational velocity of particle α, and R is block matrix defined
using these compact notations. It is straightforward to show the validity of this
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matrx representation. Let us first consider the first row of the matrix corre-
sponding to the total force/torque. For our present model where there is no net
total force on a particle, we get
0 = −RFU · Uα + Fextα + FBα + Fpα, (B.17)
where we recognize that −RFU · Uα is the hydrodynamic force FHα :
FHα = −RFU · Uα. (B.18)
We remark that Eq. (B.18) is not a trivial statement of Stokes’ drag law. This
states that there is a configuration-dependent hydrodynamic force that arises
on particles’ surfaces as a result of their motion through the suspension, where
this motion experiences the solvent drag, drag from no-slip surfaces, drag from
a deformed microstructure, microstructural gradients that produce Brownian
drift drag, and interparticle drag. Thus, this total drag force on a particle relates
strictly to the net motion of the probe. Readers are referred to Appendix D and
[104] for connections to an effective Stokes’ drag law defining the suspension
microviscosity.
Substituting Eq. (B.18) into Eq. (B.17) recovers a force/torque balance in
Stokes flow.
Further, the second row of the matrix gives the total stresslet as
STotα = −RSU · Uα − xFPα, (B.19)
where imposed straining motion is absent in our model, and we recognize that
−RSU · Uα is the hydrodynamic stresslet SHα :
SHα = −RSU · Uα = −RSU · (Uextα + UBα + UPα). (B.20)
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Substituting Eq. (B.20) into Eq. (B.19) gives
STotα = −RSU · Uextα − RSU · UBα − (RSU · UPα + xFP), (B.21)
recovering the expressions for the total stresslet presented in Sec. 2.3.2.
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APPENDIX C
COEFFICIENTS OF THE LOW- AND HIGH-PE ASYMPTOTES OF THE
NORMAL STRESSES, FIRST NORMAL STRESS DIFFERENCE AND
PARTICLE OSMOTIC PRESSURE
In this section, the coefficients comprise the expressions of the low- and high-
Pe asymptotes of the nonequilibrium normal stresses, first normal stress differ-
ence and the osmotic pressure in Chapter 2 and 3 are presented. The coeffi-
cients in the low-Pe asymptotes are composed of hydrodynamics functions, and
thus only have radial dependence. With reference to Eqs. (2.25)–(2.27), (2.39)–
(2.41), (3.11)–(3.13) and (3.27)–(3.29), the coefficients associated with the low-Pe
asymptotes read,
AH,ext = − 16
45(1 + κ)
[
XG11(κr)x
A
11(κr) + X
G
12(κr)x
A
12(κr)
+3
(
YG11(κr)y
A
11(κr) + Y
G
12(κr)y
A
12(κr)
)]
+
16
5(1 + κ)
[
YH11(κr)y
B
11(κr) − YH12(κr)yB12(κr)
]
,
(C.1)
BH,ext = − 4
9(1 + κ)
[
XP11(κr)x
A
11(κr) + X
P
12(κr)x
A
12(κr)
]
, (C.2)
AB = 8
45(1 + κ)
[
1
r2
d
dr
[
r2
(
XG11(κr) − XG12(κr)
)
G(κr)
]
−6
r
(
YG11(κr) − YG12(κr)
)
H(κr)
]
− 16
5(1 + κ)r
[
YH11(κr) − YH12(κr)
] (
yB11(κr) − yB12(κr)
)
,
(C.3)
BB = 2
9(1 + κ)r2
d
dr
[
r2
(
XP11(κr) − XP12(κr)
)
G(κr)
]
, (C.4)
AP = 32
45(1 + κ)
[
XG11(2(1 + κ)) − XG12(2(1 + κ))
]
G(2(1 + κ)), (C.5)
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BP = 8
9(1 + κ)
[
XP11(2(1 + κ)) − XP12(2(1 + κ))
]
G(2(1 + κ)), (C.6)
CP = −12
5
, (C.7)
GP = −4
5
, (C.8)
JP = 4
3
, (C.9)
where A’s and B’s are associated with the traceless and isotropic parts of the
stress respectively, and C, G and J correspond to the elastic stresslet 〈rFP〉.
The coefficients in the high-Pe asymptotes are form the lubrication forms of
the hydrodynamics functions, and they are constants with no radial and angular
dependence. With reference to Eqs. (2.31)–(2.33), (2.45)–(2.47), (3.17)–(3.19) and
(3.33)–(3.35), the coefficients associated with the high-Pe asymptotes read,
DH,ext = − 16
(1 + κ)
gYG2
(
a(1)11 − a(1)12
)
+
48
(1 + κ)
(
gYH2 b
(1)
11 − gYH5 b(1)12
)
, (C.10)
EH,ext = 16
3(1 + κ)
[
gXG1
(
d(2)11 − d(2)12
)
+GX11d
(1)
11 +G
X
12d
(1)
12
]
+
48
(1 + κ)
[
gYH2
(
b(2)11 − b(1)11 e(1)
)
− gYH5
(
b(2)12 − b(1)12 e(1)
)
+ HY11b
(1)
11 − HY12b(1)12
]
,
(C.11)
F H,ext = 8
3(1 + κ)
[
gXP1
(
d(2)11 − d(2)12
)
+ PX11d
(1)
11 + P
X
12d
(1)
12
]
, (C.12)
DB = 8
(1 + κ)
[
gXG2
(
d(2)11 − d(2)12
)
− gXG1
(
d(3)11 − d(3)12
)
− 3
2
gYG2
(
a(1)11 − a(1)12
)]
− 36
(1 + κ)
(
gYH2 + g
YH
5
) (
b(1)11 − b(1)12
)
,
(C.13)
F B = 4
3(1 + κ)
[
gXP2
(
d(2)11 − d(2)12
)
− gXP1
(
d(3)11 − d(3)12
)]
, (C.14)
228
DP = 8
(1 + κ)
(
d(2)11 − d(2)12
)
gXG1 , (C.15)
F P = 4
3(1 + κ)
(
d(2)11 − d(2)12
)
gXP1 , (C.16)
HP = −6, (C.17)
IP = −3, (C.18)
KP = 2, (C.19)
whereD’s and E are associated with the traceless part of the stress, F ’s with the
isotropic part, andH , I andK correspond to the elastic stresslet. In Eqs. (C.10)–
(C.19), a(k)i j , b
(k)
i j , d
(k)
i j , e
(1), glmk , G
X
i j, P
X
i j are the coefficients of the lubrication ex-
pressions of the hydrodynamic functions defined in e.g., [75, 79, 73, 74], where
i, j = (1, 2) with “11” representing single-particle (self) interaction and “12”
representing two-particle (probe-bath particle) interaction; k = (1, 2, 3, 5) indi-
cates the order of the coefficient in the lubrication expressions; l = (X,Y), indi-
cates the longitudinal or the transverse component of a hydrodynamic function;
m = (G,H, P) are the notations of the hydrodynamic resistance functions defined
in Chapter 2 and 3.
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APPENDIX D
SUMMARY OF MICROVISCOSITY THEORY
In this section, we summarize the micromechanical theories and key results
of the microviscosity from prior studies [124, 78, 131].
The presence of microstructure hinders the probe’s motion and its defor-
mation to the suspension, giving rise to an effective suspension viscosity higher
than the solvent viscosity. This effective viscosity changes with the degree of mi-
crostructural distortion which, in turn, depends on the dimensionless force Pe,
describing the strength of the probe forcing, F0, relative to the Brownian restor-
ing force, 2kT/ath. Squires and Brady [124] and Khair and Brady [78] related the
reduction in the mean velocity of the probe, 〈U〉, to the effective viscosity, ηe f f ,
via the Stokes’ drag law,
Fext = 6piηa
ηe f f
η
〈U〉, (D.1)
and the effective viscosity is given by
ηe f f =
F0
6pia〈U〉 · Fˆext , (D.2)
where Fˆext = Fext/F0 is the unit vector pointing in the direction of the external
probe force. In the dilute limit, φb  1, the effective viscosity can be Taylor-
expanded as,
ηe f f
η
= 1 + ηmicroφb + O(φ2b). (D.3)
The microviscosity comprises contributions from the hydrodynamic, Brownian
and interparticle forces, ηmicro = ηH + ηB + ηP.
In fixed-force active microrheology, the probe is driven by a constant external
force induced by, e.g. magnetic field [61], and experiences fluctuating motion.
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Figure D.1: Evolution of the total fixed-force microviscosity, ηmicroF , as a
function of flow strength Pe for various strength of hydrody-
namic interactions κ.
Squires and Brady [124] and Khair and Brady [78] derived the microviscosities
as
ηHF = −
∫ ∞
2
[
xa11(κr) + 2y
a
11(κr) − 3
]
r2dr
− 3
4pi
FˆextFˆext :
∫
r≥2
[
xa11(κr)rˆrˆ + y
a
11(κr)(I − rˆrˆ) − I
]
f (r)dr,
(D.4)
ηBF =
3
4pi
1
Pe
Fˆext ·
∫
r≥2
[
G(κr) − H(κr)
r
+
1
2
dG(κr)
dr
]
f (r)rˆdr, (D.5)
ηPF =
3
2pi
G(2(1 + κ))
Pe
Fˆext ·
∮
r=2
f (r)rˆdΩ, (D.6)
where the components of the hydrodynamic mobility functions xαβ, yαβ, G, and
H are defined following the conventional notations [13, 75, 80, 79]. They depend
only on the relative separation between a pair of particles, r, and the dimension-
less repulsion range, κ. The nonequilibrium distortion f (r) of the microstructure
is defined as g(r) = geq(1 + f (r)), where the pair distribution function, g(r) de-
scribes the spatial distribution of bath particles with reference to a probe parti-
cle, and geq is the equilibrium microstructure and is equal to unity in a dilute dis-
persion. Both g(r) and f (r) have been studied for the full range of flow strength
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Pe and hydrodynamic interactions κ in previous studies [124, 78, 153, 34]. Fig-
ure D.1 shows the evolution of the total fixed-force microviscosity ηmicroF with Pe
for various κ.
Active microrheology can also be operated in the fixed-velocity mode: the
probe is held fixed in an optical trap and moved past the bath at a constant
velocity [102, 126]. Fixed-velocity microviscosity can be deduced analogously
following Eqs. (D.1)-(D.3) with the external-velocity being held fixed and the
external-force being the fluctuating quantity. The hydrodynamic, Brownian,
and interparticle microviscosities were derived by Swan and Zia [131] as
ηHU =
∫ ∞
2
[
1
xa11(κr)
+
1
2ya11(κr)
− 3
]
r2dr
+
3
4pi
Uˆ1Uˆ1 :
∫
r≥2
[
rˆrˆ
xa11(κr)
+
I − rˆrˆ
ya11(κr)
− I
]
f (r)dr,
(D.7)
ηBU =
3
8pi
1
Pe
Uˆ1 ·
∫
r≥2
{
1
r
[
G(κr)
xa11(κr)
− H(κr)
ya11(κr)
]
+
1
2
d
dr
[
G(κr)
xa11(κr)
]}
f (r)rˆdr, (D.8)
ηPU =
3
pi
G(2(1 + κ))
xa11(2(1 + κ))
1
Pe
Uˆ1 ·
∮
r=2
f (r)rˆdΩ, (D.9)
where Uˆ1 = U1/U1 is the unit vector pointing in the direction of the imposed
probe velocity, and evaluation of the nonequilibrium distortion f (r) was given
in [131]. We note that a factor of two was missing in the original results in [131],
and we corrected them in Eqs. (D.8) and (D.9) above.
Here, we summarize the behavior of the microviscosity in the limits of
asymptotically weak and strong probe forcing and hydrodynamic interactions.
In both fixed-force and fixed-velocity active microrheology, the deviation of hy-
drodynamic, Brownian and interparticle microviscosities from their equilibrium
values were found to scale as Pe2 at asymptotically small Pe, Pe  1, regardless
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of the strength of hydrodynamics:
(ηHF,U − ηH0 F,U) , (ηBF,U − ηB0 F,U) , (ηPF,U − ηP0 F,U) ∼ Pe2 for Pe  1, (D.10)
where η0 is the equilibrium values of the microviscosities.
In the opposite limit of asymptotically large Pe, Pe  1, fixing external-
force or velocity leads to qualitatively different microstructural deformation,
giving rise to distinct scalings of the microviscosities. In the fixed-force mode,
the hydrodynamic, Brownian and interparticle microviscosities scale as
ηHF ∼ C1 + C2Peδ−1 , ηBF ∼ Peδ−2 , ηPF ∼ Peδ−1 for Pe  1, (D.11)
where 1 ≥ δ ≥ 0.799 as the influence of hydrodynamics evolves from weak
(κ  1, δ = 1) to strong (κ  1, δ = 0.799), and C1 and C2 are obtained by
extrapolating the high-Pe results to the limit Pe  1 [78]. In the fixed-velocity
mode, the Pe-dependence of the three microviscosities have the same functional
form as the fixed-force counterparts,
ηHU ∼ C3 + C4Peζ−1 , ηBU ∼ Peζ−2 , ηPU ∼ Peζ−1 for Pe  1, (D.12)
but with new extrapolating parameters C3 and C4, and δ replaced by ζ, which
varies between ζ ∈ [1, 0.825] as the strength of hydrodynamics changes from
weak to strong [131].
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APPENDIX E
SUMMARY OF FLOW-INDUCED DIFFUSIVITY THEORY
In this section, we summarize the micromechanical theories and key results
of the microviscosity from prior studies [153, 68, 69].
In addition to causing reduction in the mean velocity of the probe,
probe/bath encounters also deflect the probe from its mean path. Flow-induced
diffusion (microdiffusivity) is defined as the change in the effective diffusivity of
the probe, De f f , given rise by these interactions [153]. To focus on this nonequi-
librium fluctuation, flow-induced diffusivity, D f low, was defined as [69]
De f f = Deq + D f low, (E.1)
where the first term, Deq is the equilibrium value in the absence of external force,
and the second term, D f low, corresponds to the O(φb) departure from equilibrium
arising from the external force.
While determination of the microviscosity requires the pair distribution
function, g(r), to describe the likelihood finding a bath particle reference to the
probe, evaluation of the flow-induced diffusivity requires the fluctuation field,
d(r), which details the strength and direction of probe/bath encounters. Akin
to microviscosity, flow-induced diffusivity comprises contribution from the hy-
drodynamic, Brownian and interparticle forces. Zia and Brady [153] and Hoh
and Zia [69] derived these contributions as
D f low,H
Daφb
=
3
4pi
Pe
∫
r≥2
[
xa11(κr)rˆrˆ + y
a
11(κr)(I − rˆrˆ) − I
] · ( 1
Pe
f (r)I − 2Fˆextdneq
)
dr,
(E.2)
D f low,B
Daφb
=
3
2pi
∫
r≥2
[
G(κr) − H(κr)
r
+
1
2
dG(κr)
dr
]
rˆdneqdr, (E.3)
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D f low,P
Daφb
=
3
pi
G(2(1 + κ))
∮
r=2
rˆdneqdΩ, (E.4)
where Da = kT/6piηa is the bare diffusivity of a colloid of hydrodynamic size a,
and dneq(r) is the nonequilibrium part of the fluctuation field associated with the
change in the probe’s diffusivity under external force.
The flow-induced diffusivity tensor is anisotropic in general. To characterize
this anisotropy, flow-induced diffusivity parallel and perpendicular to the line
of the external force, D f low‖ and D
f low
⊥ , are obtained by projecting the tensor in the
corresponding directions,
D f low‖ = D
f low : ezez, (E.5)
D f low⊥ = D
f low : eyey, (E.6)
where ez and ey are the unit vectors in the direction parallel and perpendicular
to the external force, respectively. We note that diffusivity in the two perpen-
dicular directions, x and y, are the same owing to axisymmetry of the external
flow, and thus D f low⊥ ≡ D f lowyy = D f lowxx . Figure E.1 shows the evolution of the par-
allel D f low‖ and perpendicular flow-induced diffusivity D
f low
⊥ , and α‖ and α⊥ in
Eq. (4.18), with Pe and κ.
Here, we summarize the behavior of the flow-induced diffusivity in the lim-
its of asymptotically weak and strong probe forcing and hydrodynamic inter-
actions. In the limit of weak hydrodynamic interactions, κ  1, Zia and Brady
[153] found that both parallel and perpendicular diffusivities grow as Pe2 under
weak forcing,
D f low‖ ,D
f low
⊥ ∼ Pe2 for κ  1 , Pe  1, (E.7)
whereas they grow linearly in Pe under strong forcing
D f low‖ ,D
f low
⊥ ∼ Pe for κ  1 , Pe  1. (E.8)
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Figure E.1: Evolution of the (a) parallel D f low‖ and (b) perpendicular flow-
induced diffusivity D f low⊥ , as a function of flow strength Pe for
various strength of hydrodynamic interactions κ. Evolution of
(c) α‖ and (d) Deq and f (κ) in Eq. (4.18), as a function of κ. Noted
that f (κ) = Deq(κ)/16.8, except in the limit of weak hydrody-
namics where f (103) is taken as 0.416. (e) Evolution of α⊥ in
Eq. (4.18), as a function of Pe for various κ.
In the limit of strong hydrodynamic interactions, κ  1, Hoh and Zia [69]
found that the low-Pe scalings of the two diffusivities remain unchanged
D f low‖ ,D
f low
⊥ ∼ Pe2 for κ  1 , Pe  1. (E.9)
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As flow strength increases, the scaling of both diffusivities changes qualitatively
D f low‖ ∼ Pe, D f low⊥ = 0 for κ  1 , Pe  1, (E.10)
recovering the result of Hoh and Zia [68] in the strong-flow, pure-hydrodynamic
limit.
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